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Introduction
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Supervised Learning
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Chapter 3

Shallow neural networks

= flz, ¢

= ¢o+ P1a[b10 + b112] + P2a[ba0 + 212 + @s3a[b30 + O312].
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hy = a[920 + 9211‘]
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Yy = ¢o + ¢1hi + ¢2ho + P3hs.

hq = alfqo + 0q1 2],

D
Y= o +Z¢dhd-

d=1
hi = a[910 + 9111‘]
hy = a[ago + 921$]
h3 = a[ago —+ 0311]
hy = a[fi + Ou1x],

(3.7)



y1 = @10+ ¢11h1 + P12ho + P13h3 + P14hy
Y2 = @20+ $21h1 + Paoho 4 Poazhs + Pashy.
hi = a[bio+ 01121 + O1222]
hy = a[ego + 02121 + 922332]
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Chapter 4

Deep neural ne
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hi = alfo+ 0117]
he = a[fa + 0217]
hs = a[030 + 031$]7 (4'7)
Ry = althio + Y11h + PY12ho + P13hs]
hl2 = a[wQO —+ w21h1 + /1/122}7/2 + ¢23h3]
W, = afthso + Paih1 + Yok + Yasha), (4.8)
Y = 0+ BLhG + Ohhh + ohh. (4.9)
Yy = ¢+ dhaltio + Yuialfio + Oi1z] + Pi2alfao + O212] + Yr13a[050 + O312]]
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8 CHAPTER 4. DEEP NEURAL NETWORKS

h; = a[B+ Qox]

hy = a[B; +Q1hi]

hy = a[B, + Qohy]

hK = a[,@K_l +QK—1hK—1]
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(4.16)
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Chapter 5

Loss functions
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10 CHAPTER 5. LOSS FUNCTIONS

y= arg;nax [Pr(y|f[x, &])] (5.5)
R I
¢ = argqr&mn [L[gb]} = argqrbnln l— lzzl log [Pr(yi|f[xi, qb])ﬂ . (5.6)
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Pr(y|u,o?) = \/2:;_76Xp - (yQUg) ] . (5.7)
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Pr(yM{A T
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I

L[g] = Y —(1 - yi)log |1 —sigltlxi, ] | — v log|siglfix,. ]|
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12 CHAPTER 5. LOSS FUNCTIONS
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d
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sig[z] = H%p[—z]' (5.32)

L = (1~ y)log|1 - siglfx, ¢]]| ~ ylog|siglfix, ]]]. (5.33)
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Chapter 6

Fitting models
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16 CHAPTER 6. FITTING MODELS
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Chapter 7

Gradients and initialization
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CHAPTER 7. GRADIENTS AND INITIALIZATION
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CHAPTER 7. GRADIENTS AND INITIALIZATION
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22 CHAPTER 7. GRADIENTS AND INITIALIZATION

y = ¢o+ ¢1a[1/101 +Ynalfor + 0117] + Y21a[fo2 + 912$]}
+¢2a[¢02 + Y12albo1 + O117] + P20a[fo2 + 91233]} , (7.35)
i = (yi — f[xi, @))% (7.36)
li=—(1—vy) log{l — sig[f[x;, d)]]} — y; log [Sig[f[xia ¢]]]a (7.37)
gl = (7.39)
sigle] = 77 e .
0z . r
o =9, (7.39)
Heaviside[z] = {O z<0 ) (7.40)
1 z>0
0 z<0
rect[z] =< 1 0<z<1. (7.41)
0 z>1
ot oL
30 = ﬁhT. (7.42)
al] = ReLU[2] = {j R ; g , (7.43)
y = exp [explz] + exp[z]’] + sinfexp[z] + exp[z]?]. (7.44)
fi = expla]
o= f
fs = fitf
fa = exp[fs]
fs = sin[fs]

y = fat s (7.45)
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Oy dy Oy Oy Oy . 4 %, (7.46)
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b = ReLUJa] = { ¢ i g : (7.48)
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Chapter 8

Measuring performance

E[Llal] = By [(fle, @) ula])” +2(flw, @] - pla]) (ulz] -yla]) + (ule]-yle])’]
= (o, @] pla])” + 2(1le, 6] — pla]) (ule] ~E, [yfal]) +E, [(ule] ~yla])?]
= (e ¢]—plal)” + 2(tle, @) —pla]) -0+ By | (ule]—yle])’]
= (fle,¢] - pla])” +0° (8:3)
fule] = En [t[z, ¢[D]]| (8.4)
(tlz, @[D]) - ula])’ (85)

— ({81, DI~ tla]) + (6,1a] — pla]))’
(K, S~ x))* + 28, @D £, [o]) (5] le]) + (5, La] )™

2

(2, ¢[P]] - ula])*| = Eo (1o, (D)) — £ule])] + (fula] - ulel)’,

—

ED[(

(8.6)
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Ep [Ey[L[f]]] =Ep [(f[x, ¢[D]] - fum)Z] + (fu[z]*ﬂ[x]f + o2

variance bias noise
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Vol[r| = D211



Chapter 9

Regularization

¢ = argmin [L[¢]]

i=1

I
¢ = arg;nin [Z Cilxi,yi] + A g[qﬁ]] ;

¢ = argmax

I
11 Pryilxi, ¢)] :

i=1

¢ = argmax

i=1

¢

s .
(25 = argmin [Z EZ [Xia yZ] + A Z (]5? )
j -

i=1

dp 0L
AT
oL
P =P — a[j;t]’
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s .
[ Pr(yilxi, ) Pr(¢)] .
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2
Leplé) =Ll + % | o7 99
2
Lsgpl®] = Leplo aLb
(0% B 8Lb 2
= Ligl+ 5| % —BbZ 9% 08 (©.9)
Ly d 1 (9.10)
jz:: leyz an b |7 XB: leyt .
[/, Pr(yilx;, ¢)Pr(¢)
P Xi; i = 5 911
MOy ) = 1 By ) Pr @) o1
Pr(ylx, {xi,y:}) = / Pr(ylx, &) Pr(¢l{x:, y:})deb. (9.12)
, oL
P — (1 — A )d)—a%, (9.13)
¢, = ¢+ o - g[py], (9.14)
19— elg) (9.15)
9 < glé] +omilo] + .. (9.16)
do a? d2¢
dlo] ~ pra'l L0
[ a2 A,
~ a 3% ¢] do
~ ¢taleld]+asle 2( a¢> dt o dt)‘ L
= ¢+a(gld]+ag (o a2( agl[d)]g[cb])’
¢’:d)0
~ ¢+agel+a* (g [¢]+§a— [¢1)\ , (0.17)
D=0,



28 CHAPTER 9. REGULARIZATION

1 0g[¢]

g (o] = —§Wg[¢]~ (9.18)
d
9~ glgl+omilo
0L « (8°L\ OL
a|loL|?
Leplg] = Lig] + 13| (9.20)
J
Pr(¢) = [ [ Normy, [0, 53], (9.21)
j=1
P (1-No— O‘%’ (9.22)

Llgl=Ligl + 5= 361, (923)
k



Chapter 10

Convolutional networks

Zi = W1Ti—1 + Wak; + W3Tit1,

hi = alf+wizi—1 +waz; + w3xit1]

3
a [5 + ijffi+j2] )

j=1
D

hi = a ﬁi—l—zwijfﬂj .
j=1

hij = a

m=1n=1
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Chapter 11

Residual networks

hl - f1 [Xa ¢1]
hy, = frlh, ¢,]
h; f3[hy, @3]
y = fihs, ¢,], (11.1)
Yy = f4 |:f3 |:f2 [fl[x7 ¢1]a¢2}7¢3}a¢4:|‘ (112)
8y - 8f2 6f3 8f4
o8~ oF, O, 08, ()
hl = X+ fl [Xa d)l}
hy = hy+fi]h, ¢y
h; = hy+f3[hy, ¢4]
y = hs+fih3 ¢,], (11.4)
y=x + fi[x] (11.5)

+ f2[X+f1X]
+ f3|:X+f1X —|—f2 X—i—fl[ H:|

+ f4 |:X—|—f1[X] —|—f2[x+f1[xﬂ —|—f3[x—|—f1[x] —|—f2[x+f1[x}]H,

or, — T, T\or T on ot of, Of, 0f;

dy 1 0fy ofs  0fy 0fs of, ~of,0f, 0f30f, Of; 0f3 O0fy (11.6)
ofy ofiof, of) 0fs  Of; 0f; Ofs '
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1
mp = @ Z hi

i€B

sp = \/|llg| Z(hi —mp)?, (11.7)
ieB

hi M Vi € B, (11-8)
Sp+ €
hi < vh; + 6 Vi e B. (11.9)
f1 =E[z] fs= \/m
fai = Zi2_ fi fe=1/fs (11.10)
f3i = f3; fri = fai x fo

fa = E[f3] zp = fri X v+,



Chapter 12

Transformers

flx] = ReLU[8 + Qx],

Vm = /Bv + QX

San[xla ce aXN} = Z a[xfm Xn]vm~
m=1
an = /Bq + qun
km = /Bk + Qkxmy
alXm,Xn] = softmax,, [k?qn}

exp (K, dn]

22'21 exp [kﬁlqn] 7

VIX] = 8,17 +a,X
QX] = B1"+0,X
K[X] = 81" + 92X,

Sa[X] = V[X] - Softmax [K[X]TQ[X]},
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Sa[X] = V - Softmax [KTQ]. (12.8)
KTQ
Sa|X]| =V - Softmax . 12.9
X 7 ] (129)
Vi = Bl + QX
Qn = Bupl"+94X
K, = Bul" +QuX. (12.10)
K} Qn
Sa;,[X] =V}, - Softmax | —Z , (12.11)
. ]
T
MhSa[X] = Q, [sa1 (X]7, Say[X]T, ..., Say [X]T} . (12.12)
X <+ X+ MhSa[X]
X <« LayerNorm|X]
Xn ¢ X, + mlp[x,] vne{l,...,N}
X <+ LayerNorm[X], (12.13)

Pr(It takes great courage to let yourself appear weak) =
Pr(It) x Pr(takes|It) x Pr(great|It takes) x Pr(courage|lt takes great) x
Pr(to|It takes great courage) x Pr(let|It takes great courage to) X

(

(
Pr(yourself|It takes great courage to let) x
Pr(appear|It takes great courage to let yourself) x
(

Pr(weak|It takes great courage to let yourself appear). (12.14)

N
Pr(ty,ty,...,ty) = Pr(tr) [[ Pritalts, ... tacr). (12.15)

n=2

(12.16)

Sa[X] = V - Softmax [KTQ] ,

VD,
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vV = g1t +9.X

Q = B +9,(X+1)
K = B,17 + QuX+1I). (12.17)
Sa[XP]| = Sa[X]P. (12.18)
y; = softmax;|z] = ;}q)&, (12.19)

Zj:1 explz;]

k”q,

a[Xm, Xp,] = softmax,, [k?qn] = Nexp [ md ] ) (12.20)

> =1 €xp [k dn]



Chapter 13

Graph neural networks

X = XP
A’ = PTAP,

Pr(y =1X,A) =sig[fx + wxHg1/N],
Pr(y™ = 1X, A) =sig [Bx +wich(f’ | .

Pr(y™™ =1|X, A) = sig {h<m>Th<”>} .

H1 = F[X7A7¢O]

H2 = F[H17A7¢1}

H; = F[H; A, ¢,

Hx = FHg_1,A dx 4],

H, P =FH,P,PTAP, ¢,].

y = sig [Bx + wxHk1/N| = sig [Bx + wxHgkP1/N],

35

(13.1)

(13.2)

(13.3)

(13.4)

(13.5)

(13.6)

(13.7)
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agg[n, k| = Z h,(gm), (13.8)
mene(n)
b, =a B, + Q- by + 2 - ageln k]| (13.9)
Hyp1 = alB,1" + QH), + QHyA]
= a[B,1" + QHL(A+T)], (13.10)
H; = a[B,1" + QX(A +1)]
H, = a[B1" + QH (A +1)]
Hyx = a[Bg_11" +Qx_ 1Hi 1(A+1)]
f[X,A,® = sig[fx +wxHgl/N], (13.11)
fX, A, ®] = sig [Br1" + wxHg], (13.12)
Hj.p = a[,@le + QU HL(A + 1)} . (13.13)
Hppo = a[,@le + QL HL(A + (1 + ek)I)}. (13.14)
Hi,y, = a [ﬁle + Q. H A + \I’ka}

= a{ﬂle—i—[Qk ] [HH’“?”

H’“A_} , (13.15)

= a {ﬁleﬂz; [ H,

17 + Q. HL Al
H,m:[a[ﬂk 1, AL (13.16)




agg[n]=m > hy,

mene(n)

Hj.p = a[ﬁkﬂ + QHL(AD ! + 1)]

h,,
el = . el

Hy =a8,17 + @H(D"/2AD"Y2 4+ 1)].

agg[n] = max [h,n ],

k=817 + Qi H.
h/
wfatlg]
Hyi1 = a[Hj - Softmask(S, A + ]|,

hn +—f [X”H xmene[n]’ eeenee[n} ) hmene[n] 5 ¢] 5

h{), =mlp |(1+e) b+ Y h™

menen|

A= and A, =

[N NeNel N =]
O, R R, OOKF
—_—_0 O O O
—_—_0 0O oo
—_—0 o0 oo~ OoO
OO O M= = O
SO = E= OO
_ OO =OO
OO R = EFEF OO
SO OO O =

—= == O O =

_ OO kOO

— OO R OO O

O = =00

37

(13.17)

(13.18)

(13.19)

(13.20)

(13.21)

(13.22)

(13.23)

(13.24)

(13.25)

(13.26)
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sig [Ox + wxHgk1] =sig[fx + wgHgP1], (13.27)
Hy,1 = GraphLayer[Hy, A]
H
— a {ﬁle +Q [H;:A” , (13.28)
GraphLayer[Hy, A]P = GraphLayer[H, P, PTAP], (13.29)
[n] ! h,+ > h (13.30)
aggln] = ——— | h, m | - .
ST T el

meNe[n]



Chapter 14

Unsupervised learning

Lig) =~ 3 log [Prixil)]-

i=1

I
IS = exp l} ZDKL {PT(?J|X?)HP7"(Z/)} ;
1 I
Pr(y) = ; ZPr(yIXZ‘)

39

(14.1)

(14.2)

(14.3)



Chapter 15

Generative adversarial networks

r; = glz,0] = z; + 0, (15.1)

¢ = argmin lz —(1—y;)log [1 — sig[f[x;, qb]]} — y; log {sig[f[xi, d)}]” , (15.2)

¢

¢ = arg;nm [Z log{l sig[f ] Zlog[blg }] (15.3)

J

0 = argmax [Indi)n [Z — log{ —sig|f] ] Z log [sng }] ] (15.4)

] -
J

Li¢] = Z 1og{1 sig|[f] ] Zlog[blg ]
Lje] = Zlog[1 siglf ,9],¢}]}, (15.5)

I

Lg] = },f}(log[l sielf; 91 ) - i

~ e [log1 - siie ,¢]1H—Ex[log[s1g[ =0l

(1og sl 0l ) (150)

- - / Pr(x*)log[1 _sig[f[x*,qs]ﬂdx* - / Pr(x) log[sig[f[x@]ﬂdx,

40
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o Pr(x|real) Pr(x)
Pr(reallx) = sig[f[%, ¢]] = Pr(x|generated) + Pr(X|real) Pr(x*) + Pr(x)’

(15.7)

Ll¢] = —/Pr(x*)log[l — sig[f[X*7¢]]}dx* - /Pr(x) log {Sig[f[x, gb}]}dx (15.8)
. r(x . r(x)
- - [priyio s g P>(+33< o - [prmnes {Pm P)+Pr< e

_ —/Pr(x*)log[ +PT }dx —/Pr log[ +PT( )]dx.

Dys | Prx?) || Prix)] (15.9)

Pr()2+Pr()} n %DKL {PT(X) Pr(x*);Pr(X)}

/Pr log{ 2PT+P)T( )]dx*—I—;/Pr(x)log [M] dx .

quaht} coverage

*DKL [PT( %)

Dw[ r(@)||g(z }—mln[ZP i — ﬂ] (15.10)

> b = Pr(z=1) initial distribution of Pr(z)
YuP; = qlx=y) initial distribution of ¢(x) (15.11)
P; >0 non-negative masses.

Dw[ r(z)||q(z ]—max |:ZP’/‘LE 0 fi — Z x=7j) ] (15.12)
|fis1 — fil < 1. (15.13)

D, = IIllIl {// m(x1,X2) - ||x1 — xQ||dx1dxz} , (15.14)

D, [Pr(x),q(x)} = max [ / Pr(x)f[x]dx — / q(x)f[x]dx} , (15.15)
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CHAPTER 15. GENERATIVE ADVERSARIAL NETWORKS

of[x, @]

(15.16)

(15.17)

b = [Pr(z=1), Pr(z=2), Pr(z=3), Pr(z=4),q(z=1),q(z=2),q(z=3), q(:z::4)}(115.18)

0 2 <0 0 z<a
Pr(z)=<1 0<z<1, and Pr(z)=11 a<z<a+1.
0 z>1 0 z>a

2 2
o2 of + (1 —p2)® 1
Dy =log | 22| 4 2L\ 7 /2) -
Kl Og[gl}-f— 202 0%

Dy = (1 — p2)? + 01 + 02 — 2y/0102,

(15.19)

(15.20)

(15.21)



Chapter 16

Normalizing flows

-1

Prizlg) = ‘m[gj’] Pr(2), (16.1)
I
¢ = argmax HPr(a:l|¢)‘|
171
= argmin [Z —log [Pr(miqb)w
4 i=1
[0tz 8)
= argqxbmn [; log Uazz‘ —log[Pr(z)]|, (16.2)
-1
Pr(x|¢) = ’3f[§;¢] - Pr(z), (16.3)
x = flz, ¢] = fx [fK_l [ B[z, 1], Bo], - .. qbK,l] , ¢K} . (16.4)
2=t gl =6 |67 [ [ ol i)t 0] 65)
flz,¢]  Ofk[fx—1,¢k] Ofk-1lfx—2, ¢k 1] Ob[fi, @] Ofi[z, ] (16.6)
0z N 8fK,1 afK,Q o (9f1 0z ’ ’
8f[z, d)] _ 8fK [foh d)K] ) afol[fo% ¢)K71] ‘ an[fb ¢2] . ‘ afl [Z7 ¢1] (16 7)
0z o 8fK_1 3fK_2 . 8f1 0z ' '

43
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5 = T Priay . | 21179 ]
¢ = arg(rglax EPT(ZZ) ‘ 02,
_ N of(zi, @] 4
= argdr)nln Lz_glog U oz, ‘ — log[Pr(z)] |, (16.8)
Q=PL(U + D), (16.9)
fin] = [({0n, 61,62, 8] .11, 6] (16.10)

ofh]| 1 | offha]
ah’—H | (16.11)
d=1
b—1
flh, @] = <Z ¢k> + (hK — b+ 1)¢y, (16.12)
k=1
h, = h
h;, = g[hzaqb[hl]] (16.13)
h, = h)}
hy, = g‘l[h’g,cb[hl]]. (16.14)
Wy = g ha: $lhra-1]] (16.15)
h’ll = g:h17¢:|

hy = g:h2,¢[h1]]
Wy = g[hs @il

hy = g:h4,¢[h1;3]] (16.16)




hy
ha
hs

hy

b’
h;

hy
hy

dist [f[z’], f[z]] < - dist [z’7 z}

log

‘1+ Offh, ¢] H

—on

trace[A]

trace[A] =

gl
]
= g7 [mholh

i

= g '|h}, plhs

hi,
ha,

o)
|-

= hy + fi[hs, @]
= hy + f]h], ¢y,

}
]

= hy — fo[b], ¢,
= hll _fl[h2a¢1].

!
V2,2,

y =z +1[2]

trace [log {I + 8f[8}11’1¢)]} 1

Q
~ =
ling

a
|

>

o

45

(16.17)

(16.18)

(16.19)

(16.20)

(16.21)

(16.22)

(16.23)

(16.24)
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o

CHAPTER 16. NORMALIZING FLOWS

-1
-2

KL %Zé[x f[zi,d)]]Hq(x)
L i=1
N a
_KL _T;(S[X—Xz]
2
Pr(z) = \/%exp {;] ,
1
= flel = 1 +exp[—2]
0 0 1
0 0 2
10 =1,
0 2 4
oflz]| "
Prx) = Pi(a) |
LReLU[z] = {o.u zig.

N OO

flz] = [LReLU[1], LReLU[z], .., LReLU[zp)]| !

b = fh,¢] =

b—1

[Kh—b+1]¢p+ Y \V/ox,

k=1

— o O O

(16.25)

(16.26)

(16.27)

(16.28)

(16.29)

(16.30)

(16.31)

(16.32)

(16.33)



Chapter 17

Variational autoencoders

Pr(x) = /Pr(x,z)dz.

Pr(x) = /Pr(x|z)Pr(z)dz.

Pr(z=n) = M\
Pr(z|z=n) = Normg|pn,o2].
N
Pr(z) = Z Pr(z,z=mn)
n=1
N
= Z Pr(z|z=n)- Pr(z=n)
n=1
N

= Z A, - Norm,, [,un, Uﬂ.
n=1
Pr(z) = Norm,[0,I].

Pr(x|z, ¢) = Normy [f[z, o, 021]

47

(17.1)

(17.2)

(17.3)

(17.4)

(17.5)

(17.6)
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Pr(x|¢) = /Pr(x,z\q&)dz
= /Pr(x|z, ¢) - Pr(z)dz

- / Normy :f[z,qﬁ},a?I} - Norm, [0, I] dz. (17.7)

R r I
o = argglax _;log[Pr(xi|¢)”, (17.8)
Pr(x;|l¢) = /Normxi [f[z, ¢, o°T] - Norm, [0, T]dz. (17.9)
9[ElY]] > E[gly]]- (17.10)
log[Ely]] > E[log[y]], (17.11)
bq/m@wﬂz/mwbmm. (17.12)
g | [ Prpitulas| = [ Propyiostiblian (17.13)

log[Pr(x|¢)] = log [ / Pr<x7z|¢>dz]
= log [/ q(z)PT(jc’zd))dz} ) (17.14)

log [/q(z)Pr(X’Zw))dz} > /q(z)log[Pr(qX’Zlqquz, (17.15)

(17.16)
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ELBO[6, ¢| = / q(20) log [P ;((’;];')‘b)]dz

Joo 550

_ /q(z|9) 1og[Pr(X|¢)]dZ+/q(z‘0) log [Pr(zzl& d))] a

log [Pr(x|¢)] +/q(z|9) log [Pz(lerz)qﬁ)] s

log[Pr(x|¢)] — Dk, [q(z|0) ‘ ’Pr(z|x, qb)} . (17.17)

ELBO[9,¢] = / 4(z0) log {P 2((};’|;|)¢)}dz

— [ ataloios {W} dz

— /q(z|9) log [Pr(x|z, ¢)] dz+/q(zl9) log[

Pr(z)
q<z|e>} e

- /q(z|0) log[Pr(x|z, ¢)]dz — D1, [q(zw)HPr(z)], (17.18)

Pr(x|z, ¢)Pr(z)

(17.19)
q(z|x,0) = Norm, [g”[x, 0},gz[x76]}, (17.20)

ELBO(6. 9] = [ a(alx.6)log[Pr(xiz, )] dz ~ Dice[a(zlx.0)

Pr(z)], (17.21)

N
E,[a[z] = /a[z]q(z|x,0)dz ~ % > alzy], (17.22)
ELBO[0,¢] ~ log[Pr(x|z",$)] — Dk1 [q(z\x, e)HPr(z)]. (17.23)

Dkr, {q(z|x, H)HPT‘(Z)} = ;(Tr[E] +p’pu— D, —log {det[Eﬂ ) (17.24)



50 CHAPTER 17. VARIATIONAL AUTOENCODERS

Z* — ,u—i—El/ze*,

.
=
x

2

T
=
®

I

Lnew = —ELBO[0, ¢| + MEp;(x) [rl [q(z|x, 9)” + Aoz [q(2]6)].

ELBO[0,¢] =~ log [P?"(X|z*7 ¢)} — B-Dgr [q(z\x7 0)"PT(Z):|,

Il
——
s
=
%
X
e,
=
x
Y
N

/ Pr(x|z)Pr(z)dz

E, {PT(X|Z):|

E, [Normx [f[z, ¢], 021]} .

=
] =

Pr(x|z,).

3
Il
—

=
Q
=
N
&

9[E[y]] <E[g[y]-

Dkr [q(z|x)HPr(z|x, d))} = /q(z\x) log[

9
o¢

)
agErrels) [flz] =

Q

7EP’I”(I|¢) [f[(E]] y

Epy(z)¢) [f[m:]aa(ZS log [Pr(x|¢)ﬂ

1S -2 log [Pr(asl)]
Ii:1 mlaq&og r(x; )

q(z[x)
Pr(z|x, ¢)

(17.25)

(17.26)

(17.27)

(17.28)

(17.29)

(17.30)

(17.31)

(17.32)

(17.33)

(17.34)



Chapter 18

Diffusion models

z V1I=581-x+B1 e (18.1)
2o = \1—PBi-ze14+Bi- € Vteo,..., T,

q(z1|x) = Normy, [\/ 1—Bix, 511} (18.2)
q(z¢|z¢—1) = Normy, {\/ 1-— ,Btzt,l,ﬁtI} Vite{2,..., T}.

T
q(z1..71x) = q(z1]%) Hq(zt\zt,l). (18.3)

t=2

z; = \/1—51'X+\//371'€1

2o = V1-f2-z1+B2 € (18.4)
22 = V1B (VI-Bix+VBia)+ VB e (18.5)

\/1_52(\/1—51'X+ 1—(1—51)'61)+ Ba - €2
VA =B2) 1= B1) x4+ /12— (1= B2)(1—B1) €1+ /B2 €a.

7o = (1—F2)A=01) x4+ V1-(1-P5)(1-751) ¢, (18.6)
z: = x+ V1 — oy e, (18.7)

o1
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q(z¢|x) = Norm,, {\/@ -x,(1— ozt)I]. (18.8)
q(ze) = //q(zL..uX)dzl..‘de

= //q(zlmt|X)Pr(x)dz1mt_1dx, (18.9)

q(z¢) = /q(zt|x)Pr(x)dx. (18.10)

Q(Zt\zt—l)Q(Zt—l).

o (18.11)

Q(Zt71|Zt> =

(71|20, x) = q(zt|zt_;(’z):|)z)(zt_l|x) (18.12)

o« q(2¢|24-1)q(z¢-1]%)
= Norm,, {\/1 — By -zt,l,ﬁtl} Norm,, , [1 fa—1 %, (1 — at,l)I}

1 Bt
Norm, , I| Norm, {,ﬁ_ %, (1= ay 1}
x ormy, , [MZt - } ormg, , [\/ag—1 - %, ( o—1)

Norm, [Aw, B]  Norm,, [(A”B™'A) 'ATB v, (ATBT'A) [, (18.13)

Normy[a, A] - Normy [b, B] (18.14)
Normy (A1 +B™") (A ta+ B'b), (A7 +B7Y) 7,

1— oy O — 1—oy_
q(zi—1|z¢,x) = Norm,, M\/l — Bzt + a 1@tx? Bl — o 1)I .(18.15)
1-— (673 1-— Qg 1-— Qg
Pr(zr) = Norm,,[0,]]
PT(Zt,1 |Zt7 qbt) = Normthl [ft [Ztv d)t]ﬂ UEI]

Pr(x|z1,¢,) = Normy [fl (21, 1], 031}, (18.16)
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T
Pr(x,z1._7|1. 1) = Pr(x|z:, ¢) H r(zi-1lzs, @) - Pr(ar). (18.17)
Pr(x|¢, r)= /PT(X,Zl..AT|¢1,_.T)dZ1...T~ (18.18)
I
b T —argmax [Zlog[Pr(xZ|¢1 T)H . (18.19)
¢1.1 i=1

log [Pr(x|g,_1)] = log [ / Pr(x,zl___T|¢1...T>dz1...T]

10g |:/ q(zl...T|X) Pr(xvZl-..T|¢1...T)dZ1mT:|

q(z1...7[x)
Pr(x,zi. 1|$; 7)
> /Q(Zl..AT|X) log [ q(zl__,TIX)l L } dzy. 7. (18.20)
ELBO[¢, 7] = [ a(an..xl) log [P T(’;’(Zj-;:j)lmT)} dz . (18.21)
Pr(x, zl...ml_“T)] Pr(x|z1,¢,) [T,y Pr(zi_1|2:, ¢,) - Pr(zr)
1 =1 18.22
* q(z1..7|x) % ICAIN | Gy 122
= tog POz 800) i Prizealz 1) )
= tog |7 o T dtoey | oL
a(zalzer) = qlze|ze_s,x) = Lo 20 X)a(z0). (18.23)
q(zt-11x)
log [PT(szl---T|¢1...T):|
q(z1..7[x)
_ PT(X|217¢1)} [1,_, Pr(zi_ilz:, #,) - q(ze—1]x)
= log [q(z1|x) + log Hthg o120, %) - q(za]) + log {Pr(zT)}

1, Pr(zi1|z. ¢,)
T
thz Q(Zt—1|zt7 X)

~ - Pr(zi—1|z:, ¢,)
~ log [Pr(x|z1, ¢,)] + tz:;log [q(ztlzt,x)t} ; (18.24)

= log [Pr(x|z1, ¢,)] + log

g [0

q(zr|x)
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ELBO[¢,._ ] (18.25)
:/q(zlmT\x)log [PT(X,Z1...T|¢1...T)] dz, 7

q(z1..7x)

< [atwr..xx) <1og Prixion, é1)]+ 3 log [MD dz1..1

—s Q(Zt71|zt7x)

T
= (z1\x) |:10g [PT X|Z15 ¢1 ] ZE (z¢]x) |:DKL |:Q(Zt—1|ztax)"Pr(zt—llzt7¢t):|:|a
t=2

Pr(x|z1, ¢,) = Normy [fl [Z1, ¢4], U%Ij| , (18.26)
Pr(zi—1|z¢,¢,) = Normg,_, [ft[zt, d)t],U?I} (18.27)
1— oy ,/a 1—ay_
q(z1-1|z¢,x) = Normg,_, {( 01-1) \/7ﬁzt + =15 ,Bt( a 1)I] .

1—oy — oy 11—y

Dkr q(Zt71\Zt7X)"PT(Zt—1|Zt,¢t>} = (18.28)
1 |[(1= oy ,/7ﬂ 2

952 (17;1)\/1—@%4- e x — fi[zs, p,)
t - Gt

reconstruction term

I
Ll 1] Z( log Normx [fl[zil,(;bl],aflﬂ (18.29)

=1
T N 2
Z \/1—ﬂtzn+ at 1P X, —  fi[zi, @) )7
—2

— Q¢

———
target, mean of q(z;_1|z¢,x) predicted z;_1

Zy = /oy - X++/1—oy-€ (18.30)

1 JI—a
- €

X = -7+ — 1831
- (1831)
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(11* O‘;‘l)\/ﬁ 7+ el (18.32)
-y Qg
- (]. Oét_l) \/mﬂf 1 \/].*Oét
1_ o \/ 1-— 5tzt + 1_ o <\/07tzt — \/ait 6>
- (1 —at,l) 1A, B 1 \/].—O[t
1l ! 5tZt+ <\/1—5t \/1—5t6>7
(1—aq) Vai— 151:
VT B T (18.33)
(1—%1 1—ﬂt+ B )z— B .
].—O[t (1—O[t)\/1—ﬂt i \/1—Oét\/1—ﬁt
(1—04t1 (1—8) n B )z— B .
1—at ]-_ﬂt (1—Oét)\/1—ﬁt ¢ \/].—O[t\/].—ﬂt
(1— oy 1)(1—5t)+5tz - Bt .
Q-—a)VI-8 = VI-a/1-5
_ 1—oy _— Bt c
(I—aVT=53 ' VIi—an/I-5
1 Bt

N vlfﬂtZt_ \/1*0%\/1*@67

I
Ligy. ] Z( NOHHx fi[z i1,¢1],0f1]}
i=1
T
Z
=2

(18.34)

y

2| (S - e ) - Bl
1—75 1 — a1 - fy " RS

_ 1 _ Bt
ft[ztvd)t] - ﬁzt mmgt[zt>¢t}' (1835)

Lip, ] = (18.36)
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CHAPTER 18. DIFFUSION MODELS

2

21 b1 , B f1 4
£ [Zi17¢1]H | T/ h g1 (zi1, ¢ T almﬁu *18-38)
T 52 )
_ t . _ €
L[d)lT] - ; ; (1 . ()ét)(l _ /Bt)20'152 gt[zzta d)t] €|l > (1839)
I T )
Lig.r] = D> |l&lzi ] — e (18.40)
i=1 t=1
1T 2
= ZZ gt[\/OTt'Xi-Fvl—Oét'Git,Cbt}—fz‘t )
=1 t=1
Zi1 =21+ Ugalog[g’:(dzt)] + o€ (18.41)
t
x¢=+1- B X1+ /B - €, (18.42)
z=a-€ +b- e, (18.43)
Elz] = 0
Var[z] = a®+V?, (18.44)

= VI =53)1—=B)(1— 1) - x+/1—(1—B5)(1—B2)(1— B1) - €(18.45)

Normy [Aw, B] oc Normmy, [(ATB’lA)’lATB’lv, (ATB71A)Y].  (18.46)

Normy[a, A]Normy[b, B] o Normy [(A_1 +B H ' (A ta+ B 'b), (A + B_l)_l} .

(18.47)
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Dkr [Normw [a, A]||Normy, [b, B]} =

N =

(tr [B'A] —d+(a—b)"B '(a—b) +log Hi]) .

(18.48)

\/OT = V15 (18.49)

(1 —ap1)(1—=B) + Bt _ 1 .
(I —a)VT =Bt V15
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Chapter 19

Reinforcement learning

Gy = ZWthJrkﬂ-
k=0
v[st|m] = E[Gt|st,7r].

q[st, at|m] = E[Gt\st, at,w}.

v*[s¢] = max []E {Gt|st, 7Ti|:| .
q*[s¢,a:) = max {E[Gt\st,at,ﬂ'ﬂ )

mlat|s¢]  argmax [q* [, at]} .
at

vse] = Zﬂ—[at‘st]Q[Sta at).

a

qlse,as] = rlse,ad +v- > Prsesilse, ar)olsera].

St41

v[s] = Zw[at|st] (r[st7at] + - Z Pr(stﬂshat)v[stﬂ}) )

at St41
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(19.6)

(19.7)

(19.8)
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qlsear] = rlsp,ar +v- Y Pr(sis|se, ar) (Z Tlat1lse+1]a[sit, atﬂ}) . (19.10)

St+41 a1

vst] + Zw[atlsﬂ (r[st,at] +y- Z Pr(st+1|st,at)v[st+1]) , (19.11)

St41

ag|se] argmax [r[sh a] + 7+ Pr(sialse, at)v[stﬂ]} : (19.12)

rlals] + argmax [q[s,a]}. (19.13)

dlsi,ai] < glse, i + a(rlsn a5 - glser, ] — dlsi,ai]). (19.14)

als ad] < alse, i) + a(Plse, ] + 7 - maxalsiir, al] — alsial]) (19.15)
1161 = (risad - mi[gfer,0.1] —alsind]) (19.16)

8 o arlsnad + o max[alsion, 0. ] - alsecan ) P2 10
6 o arlsnal + max ol 01| —alsnan ) 200 19
alsisai] = alsi ad] + a(rlse, ] + - max[glses,a]] — glsi, ar]) (19.19)

Qi lse,ad) —  qifse,a] + Oc(T[Sm ag) +v- g |:3t+17 argmax [(11 [St+1, G]H -q [Stvat])
a

q2 [Sn at] — QQ[Sm at] + 04<7"[5t7 at] +v-¢ |:5t+17 argmax [Q2 [St+17 G]H —q2 [St, at])~
(19.20)
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¢)1 — d)l-i—Oé(?“[St, at]"'fyq I:St+1a argmax [Q[St+17 a, ¢1]] 9 ¢2:|_q[st7 ag, ¢l]) W
¢y Pyta (T[St, all+7-q |:st+17 argmax [q[st+17 a, ¢2}] ) ¢1:|_(I[St7 at, ¢2]> W'
(19.21)
T
Pr(r|0) = Pr(sl)Hﬁ[at|st,0]Pr(st+1|st,at). (19.22)
t=1
0 = argmax [ET [T[T]H = argmax [/ Pr(TB)T[T]dT] , (19.23)
0 0
0 <+ 0—&—0(-6%/Pr(7'|0)7“[7']d7'
= 0+a«/%r[7]d‘r. (19.24)
0 <« 0+a~/%r[r]d7
B 1 OPr(r|0)
- 0+@/PT‘(T|0)PT(T|0) 90 T[T}d‘r
I 1 oPr(r,6
~ O+a-y 58] Ta(g 19) 1m0, (19.25)
i=1 ¢
dloglffz]] 1 off¢]
0z flz] 9z (19.26)
1 < dlog[Pr(T|6
0 0+a ; wr[n]. (19.27)
T
log[Pr(r|0)] = log[Pr(sl)Hﬂ[at|st,9]Pr(st+1|st,at)] (19.28)

t

1

= log[Pr(s1)] + Zlog[ﬂ[at|st,0]] + Zlog[Pr(stH\st,at)],

t=1 t=1



1 dlog|w[a|si, 0]] _
0 «— 0+QY§;; 90 T[Tz]a

I

i

T t T
rlri] = g Titd1 = E Tik+1 T g Tik+1,
t=1 k=1 k=t

I

1 ) 3log azt|s7,t>
0 « 0+0"f22 Z?“zk+1~

i=1 t=1

dlog(ma,, [sit, 0]]

0+ 0+a-+ 00 r[Tid] Vi,
0 oraly Zalog moulsie O] ) )
4T e |
=1 t=1
T
dlog[ma,,[sit, 6]]
Er > 6 =0

t=1

S 1 (0108 [ma, [sir, 0]] /08)” rlri]
b= .
Z i 1(810g[7ra“[slt, 6]]/00)

1
=7 zi:r[ri].

I
0 7Ta t Sit,
0+—0+ao- %Z Z log - 0]] (r[Tit] — blsit]) -

i=1 t=1
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(19.29)

(19.30)

(19.31)

(19.32)

(19.33)

(19.34)

(19.35)

(19.36)

(19.37)

(19.38)
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. 2
Li¢] = Z Z (U[Sm P — Zri,j+1) . (19.39)

i=1 t=1 j=t

rITie] = rigp1 + 7 0[Si1, @) (19.40)
L& it |Sit,
0—0+a- % Z Z Olog [Pr(aaét| 2l (Ti,t+1 + 7 v[sitr1, @] — vsit, ¢])-(19-41)
i=1 t=1
I T
Lig| = Z Z (rigr1 + 7 - v[Sitt1, @] — v[si, (;5])2 . (19.42)
i=1 t=1
7' lag|st] arg;nax {r[st, ag) + - Z Pr(sit1]st, at)v[st+1|7r]} . (19.43)
olsilrl < afsewladdsd|7]
= E. [Tt_H +7- v[st+1|7r]} . (19.44)
als] — exp [q[s,a]/T]
[a]s] = S exolals @)/ (19.45)
flqls,a]] =rls,a] +~- max lqs’, a]]. (19.46)
Hf[ql[s,a]] - f[qg[s,a]] ‘ < ||q1[s, a] — q2[s, a] Y q1, qo. (19.47)
E- [860 log[Pr(T|0)]b} =0, (19.48)

a' =a—c(b— ). (19.49)



E- [gl6](rlrd] — b)].

gl ="

3log [Pr(at|st, 0)]]

— 00
T
rlr] = Z Th.
k=t
. _ Elgr]?)rlr]

)
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Why does deep learning work?
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