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Chapter 1

Introduction
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Chapter 2

Supervised Learning

y = f[x]. (2.1)

y = f[x,ϕ]. (2.2)

ϕ̂ = argmin
ϕ

[
L [ϕ]

]
. (2.3)

y = f[x,ϕ]

= ϕ0 + ϕ1x. (2.4)

L[ϕ] =

I∑
i=1

(f[xi,ϕ]− yi)2

=

I∑
i=1

(ϕ0 + ϕ1xi − yi)2 . (2.5)

ϕ̂ = argmin
ϕ

[
L[ϕ]

]
= argmin

ϕ

[
I∑

i=1

(f[xi,ϕ]− yi)2
]

= argmin
ϕ

[
I∑

i=1

(ϕ0 + ϕ1xi − yi)2
]
. (2.6)

3



Chapter 3

Shallow neural networks

y = f[x,ϕ]

= ϕ0 + ϕ1a[θ10 + θ11x] + ϕ2a[θ20 + θ21x] + ϕ3a[θ30 + θ31x]. (3.1)

a[z] = ReLU[z] =

{
0 z < 0

z z ≥ 0
. (3.2)

h1 = a[θ10 + θ11x]

h2 = a[θ20 + θ21x]

h3 = a[θ30 + θ31x], (3.3)

y = ϕ0 + ϕ1h1 + ϕ2h2 + ϕ3h3. (3.4)

hd = a[θd0 + θd1x], (3.5)

y = ϕ0 +

D∑
d=1

ϕdhd. (3.6)

h1 = a[θ10 + θ11x]

h2 = a[θ20 + θ21x]

h3 = a[θ30 + θ31x]

h4 = a[θ40 + θ41x], (3.7)
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y1 = ϕ10 + ϕ11h1 + ϕ12h2 + ϕ13h3 + ϕ14h4

y2 = ϕ20 + ϕ21h1 + ϕ22h2 + ϕ23h3 + ϕ24h4. (3.8)

h1 = a[θ10 + θ11x1 + θ12x2]

h2 = a[θ20 + θ21x1 + θ22x2]

h3 = a[θ30 + θ31x1 + θ32x2], (3.9)

y = ϕ0 + ϕ1h1 + ϕ2h2 + ϕ3h3. (3.10)

hd = a

[
θd0 +

Di∑
i=1

θdixi

]
, (3.11)

yj = ϕj0 +

D∑
d=1

ϕjdhd, (3.12)

HardSwish[z] =


0 z < −3
z(z + 3)/6 −3 ≤ z ≤ 3

z z > 3

. (3.13)

ReLU[α · z] = α · ReLU[z]. (3.14)

heaviside[z] =

{
0 z < 0

1 z ≥ 0
rect[z] =


0 z < 0

1 0 ≤ z ≤ 1

0 z > 1

. (3.15)



Chapter 4

Deep neural networks

h1 = a[θ10 + θ11x]

h2 = a[θ20 + θ21x]

h3 = a[θ30 + θ31x], (4.1)

y = ϕ0 + ϕ1h1 + ϕ2h2 + ϕ3h3. (4.2)

h′1 = a[θ′10 + θ′11y]

h′2 = a[θ′20 + θ′21y]

h′3 = a[θ′30 + θ′31y], (4.3)

y′ = ϕ′0 + ϕ′1h
′
1 + ϕ′2h

′
2 + ϕ′3h

′
3. (4.4)

h′1 = a[θ′10 + θ′11y] = a[θ′10 + θ′11ϕ0 + θ′11ϕ1h1 + θ′11ϕ2h2 + θ′11ϕ3h3]

h′2 = a[θ′20 + θ′21y] = a[θ′20 + θ′21ϕ0 + θ′21ϕ1h1 + θ′21ϕ2h2 + θ′21ϕ3h3]

h′3 = a[θ′30 + θ′31y] = a[θ′30 + θ′31ϕ0 + θ′31ϕ1h1 + θ′31ϕ2h2 + θ′31ϕ3h3], (4.5)

h′1 = a[ψ10 + ψ11h1 + ψ12h2 + ψ13h3]

h′2 = a[ψ20 + ψ21h1 + ψ22h2 + ψ23h3]

h′3 = a[ψ30 + ψ31h1 + ψ32h2 + ψ33h3], (4.6)
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h1 = a[θ10 + θ11x]

h2 = a[θ20 + θ21x]

h3 = a[θ30 + θ31x], (4.7)

h′1 = a[ψ10 + ψ11h1 + ψ12h2 + ψ13h3]

h′2 = a[ψ20 + ψ21h1 + ψ22h2 + ψ23h3]

h′3 = a[ψ30 + ψ31h1 + ψ32h2 + ψ33h3], (4.8)

y′ = ϕ′0 + ϕ′1h
′
1 + ϕ′2h

′
2 + ϕ′3h

′
3. (4.9)

y′ = ϕ′0 + ϕ′1a [ψ10 + ψ11a[θ10 + θ11x] + ψ12a[θ20 + θ21x] + ψ13a[θ30 + θ31x]]

+ϕ′2a[ψ20 + ψ21a[θ10 + θ11x] + ψ22a[θ20 + θ21x] + ψ23a[θ30 + θ31x]]

+ϕ′3a[ψ30 + ψ31a[θ10 + θ11x] + ψ32a[θ20 + θ21x] + ψ33a[θ30 + θ31x]],

(4.10)

h1h2
h3

 = a

θ10θ20
θ30

+

θ11θ21
θ31

x
 , (4.11)

h′1h′2
h′3

 = a

ψ10

ψ20

ψ30

+

ψ11 ψ12 ψ13

ψ21 ψ22 ψ23

ψ31 ψ32 ψ33

h1h2
h3

 , (4.12)

y′ = ϕ′0 +
[
ϕ′1 ϕ′2 ϕ′3

] h′1h′2
h′3

 , (4.13)

h = a [θ0 + θx]

h′ = a [ψ0 +Ψh]

y′ = ϕ′0 + ϕ
′h′, (4.14)



8 CHAPTER 4. DEEP NEURAL NETWORKS

h1 = a[β0 +Ω0x]

h2 = a[β1 +Ω1h1]

h3 = a[β2 +Ω2h2]

...

hK = a[βK−1 +ΩK−1hK−1]

y = βK +ΩKhK . (4.15)

y = βK +ΩKa
[
βK−1 +ΩK−1a [. . .β2 +Ω2a [β1 +Ω1a [β0 +Ω0x]] . . .]

]
.

(4.16)

Nr =

(
D

Di
+ 1

)Di(K−1)

·
Di∑
j=0

(
D

j

)
. (4.17)

ReLU
[
β1+λ1 ·Ω1ReLU [β0+λ0 ·Ω0x]

]
=λ0λ1 · ReLU

[
1

λ0λ1
β1+Ω1ReLU

[
1

λ0
β0+Ω0x

]]
,(4.18)



Chapter 5

Loss functions

ϕ̂ = argmax
ϕ

[
I∏

i=1

Pr(yi|xi)

]

= argmax
ϕ

[
I∏

i=1

Pr(yi|θi)

]

= argmax
ϕ

[
I∏

i=1

Pr(yi|f[xi,ϕ])

]
. (5.1)

Pr(y1,y2, . . . ,yI |x1,x2, . . . ,xI) =

I∏
i=1

Pr(yi|xi). (5.2)

ϕ̂ = argmax
ϕ

[
I∏

i=1

Pr(yi|f[xi,ϕ])

]

= argmax
ϕ

[
log

[
I∏

i=1

Pr(yi|f[xi,ϕ])

]]

= argmax
ϕ

[
I∑

i=1

log
[
Pr(yi|f[xi,ϕ])

]]
. (5.3)

ϕ̂ = argmin
ϕ

[
−

I∑
i=1

log
[
Pr(yi|f[xi,ϕ])

]]
= argmin

ϕ

[
L[ϕ]

]
, (5.4)
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10 CHAPTER 5. LOSS FUNCTIONS

ŷ = argmax
y

[
Pr(y|f[x, ϕ̂])

]
. (5.5)

ϕ̂ = argmin
ϕ

[
L[ϕ]

]
= argmin

ϕ

[
−

I∑
i=1

log
[
Pr(yi|f[xi,ϕ])

]]
. (5.6)

Pr(y|µ, σ2) =
1√
2πσ2

exp

[
− (y − µ)2

2σ2

]
. (5.7)

Pr(y|f[x,ϕ], σ2) =
1√
2πσ2

exp

[
− (y − f[x,ϕ])2

2σ2

]
. (5.8)

L[ϕ] = −
I∑

i=1

log
[
Pr(yi|f[xi,ϕ], σ

2)
]

= −
I∑

i=1

log

[
1√
2πσ2

exp

[
− (yi − f[xi,ϕ])

2

2σ2

]]
. (5.9)

ϕ̂ = argmin
ϕ

[
−

I∑
i=1

log

[
1√
2πσ2

exp

[
− (yi − f[xi,ϕ])

2

2σ2

]]]

= argmin
ϕ

[
−

I∑
i=1

(
log

[
1√
2πσ2

]
− (yi − f[xi,ϕ])

2

2σ2

)]

= argmin
ϕ

[
−

I∑
i=1

− (yi − f[xi,ϕ])
2

2σ2

]

= argmin
ϕ

[
I∑

i=1

(yi − f[xi,ϕ])
2

]
, (5.10)

L[ϕ] =

I∑
i=1

(
yi − f[xi,ϕ]

)2
. (5.11)

ŷ = argmax
y

[
Pr(y|f[x, ϕ̂], σ2)

]
. (5.12)
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ϕ̂, σ̂2 = argmin
ϕ,σ2

[
−

I∑
i=1

log

[
1√
2πσ2

exp

[
− (yi − f[xi,ϕ])

2

2σ2

]]]
. (5.13)

µ = f1[x,ϕ]

σ2 = f2[x,ϕ]
2, (5.14)

ϕ̂ = argmin
ϕ

[
−

I∑
i=1

(
log

[
1√

2πf2[xi,ϕ]2

]
− (yi − f1[xi,ϕ])

2

2f2[xi,ϕ]2

)]
. (5.15)

Pr(y|λ) =

{
1− λ y = 0

λ y = 1
, (5.16)

Pr(y|λ) = (1− λ)1−y · λy. (5.17)

sig[z] =
1

1 + exp[−z]
. (5.18)

Pr(y|x) = (1− sig[f[x,ϕ]])1−y · sig[f[x,ϕ]]y. (5.19)

L[ϕ] =
I∑

i=1

−(1− yi) log
[
1− sig[f[xi,ϕ]]

]
− yi log

[
sig[f[xi,ϕ]]

]
. (5.20)

Pr(y = k) = λk. (5.21)

softmaxk[z] =
exp[zk]∑K

k′=1 exp[zk′ ]
, (5.22)

Pr(y = k|x) = softmaxk

[
f[x,ϕ]

]
. (5.23)



12 CHAPTER 5. LOSS FUNCTIONS

L[ϕ] = −
I∑

i=1

log
[
softmaxyi

[
f [xi,ϕ]

]]
= −

I∑
i=1

(
fyi [xi,ϕ]− log

[
K∑

k′=1

exp [ fk′ [xi,ϕ]]

])
, (5.24)

Pr(y|f[x,ϕ]) =
∏
d

Pr(yd|fd[x,ϕ]), (5.25)

L[ϕ] = −
I∑

i=1

log
[
Pr(yi|f[xi,ϕ])

]
= −

I∑
i=1

∑
d

log
[
Pr(yid|fd[xi,ϕ])

]
. (5.26)

DKL

[
q||p
]
=

∫ ∞

−∞
q(z) log

[
q(z)

]
dz −

∫ ∞

−∞
q(z) log

[
p(z)

]
dz. (5.27)

q(y) =
1

I

I∑
i=1

δ[y − yi], (5.28)

θ̂ = argmin
θ

[∫ ∞

−∞
q(y) log

[
q(y)

]
dy −

∫ ∞

−∞
q(y) log

[
Pr(y|θ)

]
dy

]
= argmin

θ

[
−
∫ ∞

−∞
q(y) log

[
Pr(y|θ)

]
dy

]
, (5.29)

θ̂ = argmin
θ

[
−
∫ ∞

−∞

(
1

I

I∑
i=1

δ[y − yi]

)
log
[
Pr(y|θ)

]
dy

]

= argmin
θ

[
−1

I

I∑
i=1

log
[
Pr(yi|θ)

]]

= argmin
θ

[
−

I∑
i=1

log
[
Pr(yi|θ)

]]
. (5.30)

ϕ̂ = argmin
ϕ

[
−

I∑
i=1

log
[
Pr(yi|f[xi,ϕ])

]]
. (5.31)
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sig[z] =
1

1 + exp[−z]
. (5.32)

L = −(1− y) log
[
1− sig[f[x,ϕ]]

]
− y log

[
sig[f[x,ϕ]]

]
, (5.33)

Pr(y|µ, κ) =
exp
[
κ cos[y − µ]

]
2π · Bessel0[κ]

, (5.34)

Pr(y|λ, µ1, µ2, σ
2
1 , σ

2
2) =

λ√
2πσ2

1

exp

[
−(y − µ1)

2

2σ2
1

]
+

1− λ√
2πσ2

2

exp

[
−(y − µ2)

2

2σ2
2

]
,(5.35)

Pr(y = k) =
λke−λ

k!
. (5.36)



Chapter 6

Fitting models

ϕ̂ = argmin
ϕ

[
L[ϕ]

]
. (6.1)

∂L

∂ϕ
=


∂L
∂ϕ0

∂L
∂ϕ1

...

∂L
∂ϕN

 . (6.2)

ϕ←− ϕ− α · ∂L
∂ϕ

, (6.3)

y = f[x,ϕ]

= ϕ0 + ϕ1x. (6.4)

L[ϕ] =

I∑
i=1

ℓi =

I∑
i=1

(f[xi,ϕ]− yi)2

=

I∑
i=1

(ϕ0 + ϕ1xi − yi)2 , (6.5)

∂L

∂ϕ
=

∂

∂ϕ

I∑
i=1

ℓi =

I∑
i=1

∂ℓi
∂ϕ

, (6.6)
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∂ℓi
∂ϕ

=

 ∂ℓi
∂ϕ0

∂ℓi
∂ϕ1

 =

[
2(ϕ0 + ϕ1xi − yi)

2xi(ϕ0 + ϕ1xi − yi)

]
. (6.7)

f[x,ϕ] = sin[ϕ0 + 0.06 · ϕ1x] · exp
(
− (ϕ0 + 0.06 · ϕ1x)2

32.0

)
. (6.8)

L[ϕ] =

I∑
i=1

(f[xi,ϕ]− yi)2 . (6.9)

ϕt+1 ←− ϕt − α ·
∑
i∈Bt

∂ℓi[ϕt]

∂ϕ
, (6.10)

mt+1 ← β ·mt + (1− β)
∑
i∈Bt

∂ℓi[ϕt]

∂ϕ

ϕt+1 ← ϕt − α ·mt+1, (6.11)

mt+1 ← β ·mt + (1− β)
∑
i∈Bt

∂ℓi[ϕt − αβ ·mt]

∂ϕ

ϕt+1 ← ϕt − α ·mt+1, (6.12)

mt+1 ← ∂L[ϕt]

∂ϕ

vt+1 ←
(
∂L[ϕt]

∂ϕ

)2

. (6.13)

ϕt+1 ← ϕt − α ·
mt+1√
vt+1 + ϵ

, (6.14)

mt+1 ← β ·mt + (1− β)∂L[ϕt]

∂ϕ

vt+1 ← γ · vt + (1− γ)
(
∂L[ϕt]

∂ϕ

)2

, (6.15)



16 CHAPTER 6. FITTING MODELS

m̃t+1 ← mt+1

1− βt+1

ṽt+1 ← vt+1

1− γt+1
. (6.16)

ϕt+1 ← ϕt − α ·
m̃t+1√
ṽt+1 + ϵ

. (6.17)

mt+1 ← β ·mt + (1− β)
∑
i∈Bt

∂ℓi[ϕt]

∂ϕ

vt+1 ← γ · vt + (1− γ)

(∑
i∈Bt

∂ℓi[ϕt]

∂ϕ

)2

, (6.18)

H[ϕ] =


∂2L
∂ϕ2

0

∂2L
∂ϕ0∂ϕ1

. . . ∂2L
∂ϕ0∂ϕN

∂2L
∂ϕ1∂ϕ0

∂2L
∂ϕ2

1
. . . ∂2L

∂ϕ1∂ϕN

...
...

. . .
...

∂2L
∂ϕN∂ϕ0

∂2L
∂ϕN∂ϕ1

. . . ∂2L
∂ϕ2

N

 . (6.19)

H[ϕ] =

[
∂2L
∂ϕ2

0

∂2L
∂ϕ0∂ϕ1

∂2L
∂ϕ1∂ϕ0

∂2L
∂ϕ2

1

]
, (6.20)

Pr(y = 1|x) = sig[ϕ0 + ϕ1x], (6.21)

sig[z] =
1

1 + exp[−z]
. (6.22)

f[x,ϕ] = ϕ0 + ϕ1a[θ10 + θ11x] + ϕ2a[θ20 + θ21x] + ϕ3a[θ30 + θ31x]. (6.23)



Chapter 7

Gradients and initialization

h1 = a[β0 +Ω0x]

h2 = a[β1 +Ω1h1]

h3 = a[β2 +Ω2h2]

f[x,ϕ] = β3 +Ω3h3, (7.1)

L[ϕ] =

I∑
i=1

ℓi. (7.2)

ϕt+1 ←− ϕt − α
∑
i∈Bt

∂ℓi[ϕt]

∂ϕ
, (7.3)

∂ℓi
∂βk

and
∂ℓi
∂Ωk

, (7.4)

f[x,ϕ] = β3 + ω3 · cos
[
β2 + ω2 · exp

[
β1 + ω1 · sin[β0 + ω0 · x]

]]
, (7.5)

ℓi = (f[xi,ϕ]− yi)2, (7.6)

∂ℓi
∂β0

,
∂ℓi
∂ω0

,
∂ℓi
∂β1

,
∂ℓi
∂ω1

,
∂ℓi
∂β2

,
∂ℓi
∂ω2

,
∂ℓi
∂β3

, and
∂ℓi
∂ω3

. (7.7)
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18 CHAPTER 7. GRADIENTS AND INITIALIZATION

∂ℓi
∂ω0

= −2
(
β3 + ω3 · cos

[
β2 + ω2 · exp

[
β1 + ω1 · sin[β0 + ω0 · xi]

]]
− yi

)
·ω1ω2ω3 · xi · cos[β0 + ω0 · xi] · exp

[
β1 + ω1 · sin[β0 + ω0 · xi]

]
· sin

[
β2 + ω2 · exp

[
β1 + ω1 · sin[β0 + ω0 · xi]

]]
. (7.8)

f0 = β0 + ω0 · xi
h1 = sin[f0]

f1 = β1 + ω1 · h1
h2 = exp[f1]

f2 = β2 + ω2 · h2
h3 = cos[f2]

f3 = β3 + ω3 · h3
ℓi = (f3 − yi)2. (7.9)

∂ℓi
∂f3

,
∂ℓi
∂h3

,
∂ℓi
∂f2

,
∂ℓi
∂h2

,
∂ℓi
∂f1

,
∂ℓi
∂h1

, and
∂ℓi
∂f0

. (7.10)

∂ℓi
∂f3

= 2(f3 − yi). (7.11)

∂ℓi
∂h3

=
∂f3
∂h3

∂ℓi
∂f3

. (7.12)

∂ℓi
∂f2

=
∂h3
∂f2

(
∂f3
∂h3

∂ℓi
∂f3

)
∂ℓi
∂h2

=
∂f2
∂h2

(
∂h3
∂f2

∂f3
∂h3

∂ℓi
∂f3

)
∂ℓi
∂f1

=
∂h2
∂f1

(
∂f2
∂h2

∂h3
∂f2

∂f3
∂h3

∂ℓi
∂f3

)
∂ℓi
∂h1

=
∂f1
∂h1

(
∂h2
∂f1

∂f2
∂h2

∂h3
∂f2

∂f3
∂h3

∂ℓi
∂f3

)
∂ℓi
∂f0

=
∂h1
∂f0

(
∂f1
∂h1

∂h2
∂f1

∂f2
∂h2

∂h3
∂f2

∂f3
∂h3

∂ℓi
∂f3

)
. (7.13)
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∂ℓi
∂βk

=
∂fk
∂βk

∂ℓi
∂fk

∂ℓi
∂ωk

=
∂fk
∂ωk

∂ℓi
∂fk

. (7.14)

∂fk
∂βk

= 1 and
∂fk
∂ωk

= hk. (7.15)

∂f0
∂β0

= 1 and
∂f0
∂ω0

= xi. (7.16)

f0 = β0 +Ω0xi

h1 = a[f0]

f1 = β1 +Ω1h1

h2 = a[f1]

f2 = β2 +Ω2h2

h3 = a[f2]

f3 = β3 +Ω3h3

ℓi = l[f3, yi], (7.17)

∂ℓi
∂f2

=
∂h3

∂f2

∂f3
∂h3

∂ℓi
∂f3

. (7.18)

∂ℓi
∂f1

=
∂h2

∂f1

∂f2
∂h2

(
∂h3

∂f2

∂f3
∂h3

∂ℓi
∂f3

)
(7.19)

∂ℓi
∂f0

=
∂h1

∂f0

∂f1
∂h1

(
∂h2

∂f1

∂f2
∂h2

∂h3

∂f2

∂f3
∂h3

∂ℓi
∂f3

)
. (7.20)

∂f3
∂h3

=
∂

∂h3
(β3 +Ω3h3) = ΩT

3 . (7.21)

∂ℓi
∂βk

=
∂fk
∂βk

∂ℓi
∂fk

=
∂

∂βk

(βk +Ωkhk)
∂ℓi
∂fk

=
∂ℓi
∂fk

, (7.22)



20 CHAPTER 7. GRADIENTS AND INITIALIZATION

∂ℓi
∂Ωk

=
∂fk
∂Ωk

∂ℓi
∂fk

=
∂

∂Ωk
(βk +Ωkhk)

∂ℓi
∂fk

=
∂ℓi
∂fk

hT
k . (7.23)

f0 = β0 +Ω0xi

hk = a[fk−1] k ∈ {1, 2, . . . ,K}
fk = βk +Ωkhk. k ∈ {1, 2, . . . ,K} (7.24)

∂ℓi
∂βk

=
∂ℓi
∂fk

k ∈ {K,K − 1, . . . , 1}

∂ℓi
∂Ωk

=
∂ℓi
∂fk

hT
k k ∈ {K,K − 1, . . . , 1}

∂ℓi
∂fk−1

= I[fk−1 > 0]⊙
(
ΩT

k

∂ℓi
∂fk

)
, k ∈ {K,K − 1, . . . , 1} (7.25)

∂ℓi
∂β0

=
∂ℓi
∂f0

∂ℓi
∂Ω0

=
∂ℓi
∂f0

xT
i . (7.26)

fk = βk +Ωkhk

= βk +Ωka[fk−1], (7.27)

h = a[f ],

f ′ = β +Ωh (7.28)
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E[f ′i ] = E

βi + Dh∑
j=1

Ωijhj


= E [βi] +

Dh∑
j=1

E [Ωijhj ]

= E [βi] +

Dh∑
j=1

E [Ωij ]E [hj ]

= 0 +

Dh∑
j=1

0 · E [hj ] = 0, (7.29)

σ2
f ′
i

= E[f ′2i ]− E[f ′i ]2

= E


βi + Dh∑

j=1

Ωijhj

2
− 0

= E


Dh∑

j=1

Ωijhj

2


=

Dh∑
j=1

E
[
Ω2

ij

]
E
[
h2j
]

=

Dh∑
j=1

σ2
ΩE
[
h2j
]
= σ2

Ω

Dh∑
j=1

E
[
h2j
]
, (7.30)

σ2
f ′
i
= σ2

Ω

Dh∑
j=1

σ2
f

2
=

1

2
Dhσ

2
Ωσ

2
f . (7.31)

σ2
Ω =

2

Dh
, (7.32)

σ2
Ω =

2

Dh′
, (7.33)

σ2
Ω =

4

Dh +Dh′
. (7.34)
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y = ϕ0 + ϕ1a
[
ψ01 + ψ11a[θ01 + θ11x] + ψ21a[θ02 + θ12x]

]
+ϕ2a

[
ψ02 + ψ12a[θ01 + θ11x] + ψ22a[θ02 + θ12x]

]
, (7.35)

ℓi = (yi − f[xi,ϕ])
2. (7.36)

ℓi = −(1− yi) log
[
1− sig

[
f[xi,ϕ]

]]
− yi log

[
sig
[
f[xi,ϕ]

]]
, (7.37)

sig[z] =
1

1 + exp[−z]
. (7.38)

∂z

∂h
= ΩT , (7.39)

Heaviside[z] =

{
0 z < 0

1 z ≥ 0
, (7.40)

rect[z] =


0 z < 0

1 0 ≤ z ≤ 1

0 z > 1

. (7.41)

∂ℓ

∂Ω
=
∂ℓ

∂f
hT . (7.42)

a[z] = ReLU[z] =

{
α · z z < 0

z z ≥ 0
, (7.43)

y = exp
[
exp[x] + exp[x]2

]
+ sin[exp[x] + exp[x]2]. (7.44)

f1 = exp[x]

f2 = f21

f3 = f1 + f2

f4 = exp[f3]

f5 = sin[f3]

y = f4 + f5. (7.45)
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∂y

∂f5
,
∂y

∂f4
,
∂y

∂f3
,
∂y

∂f2
,
∂y

∂f1
and

∂y

∂x
, (7.46)

∂f1
∂x

,
∂f2
∂x

,
∂f3
∂x

,
∂f4
∂x

,
∂f5
∂x

, and
∂y

∂x
, (7.47)

b = ReLU[a] =

{
0 a < 0

a a ≥ 0
, (7.48)



Chapter 8

Measuring performance

µ[x] = Ey[y[x]] =

∫
y[x]Pr(y|x)dy, (8.1)

L[x] =
(
f[x,ϕ]− y[x]

)2
(8.2)

=
((

f[x,ϕ]− µ[x]
)
+
(
µ[x]− y[x]

))2
=

(
f[x,ϕ]− µ[x]

)2
+ 2
(
f[x,ϕ]− µ[x]

)(
µ[x]− y[x]

)
+
(
µ[x]− y[x]

)2
,

Ey

[
L[x]

]
= Ey

[(
f[x,ϕ]−µ[x]

)2
+ 2
(
f[x,ϕ]−µ[x]

)(
µ[x]−y[x]

)
+
(
µ[x]−y[x]

)2]
=

(
f[x,ϕ]−µ[x]

)2
+ 2
(
f[x,ϕ]− µ[x]

)(
µ[x]−Ey [y[x]]

)
+ Ey

[
(µ[x]−y[x])2

]
=

(
f[x,ϕ]−µ[x]

)2
+ 2
(
f[x,ϕ]−µ[x]

)
· 0 + Ey

[(
µ[x]−y[x]

)2]
=

(
f[x,ϕ]− µ[x]

)2
+ σ2, (8.3)

fµ[x] = ED

[
f
[
x,ϕ[D]

]]
. (8.4)

(
f[x,ϕ[D]]−µ[x]

)2
(8.5)

=
((

f[x,ϕ[D]]−fµ[x]
)
+
(
fµ[x]− µ[x]

))2
=
(
f[x,ϕ[D]]−fµ[x]

)2
+ 2
(
f[x,ϕ[D]]−fµ[x]

)(
fµ[x]−µ[x]

)
+
(
fµ[x]−µ[x]

)2
.

ED

[(
f[x,ϕ[D]]− µ[x]

)2]
= ED

[(
f[x,ϕ[D]]− fµ[x]

)2]
+
(
fµ[x]− µ[x]

)2
, (8.6)
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ED

[
Ey[L[x]]

]
= ED

[(
f[x,ϕ[D]]− fµ[x]

)2]
︸ ︷︷ ︸

variance

+
(
fµ[x]−µ[x]

)2
︸ ︷︷ ︸

bias

+ σ2.︸︷︷︸
noise

(8.7)

Vol[r] =
rDπD/2

Γ[D/2 + 1]
, (8.8)



Chapter 9

Regularization

ϕ̂ = argmin
ϕ

[
L[ϕ]

]
= argmin

ϕ

[
I∑

i=1

ℓi[xi,yi]

]
, (9.1)

ϕ̂ = argmin
ϕ

[
I∑

i=1

ℓi[xi,yi] + λ · g[ϕ]

]
, (9.2)

ϕ̂ = argmax
ϕ

[
I∏

i=1

Pr(yi|xi,ϕ)

]
. (9.3)

ϕ̂ = argmax
ϕ

[
I∏

i=1

Pr(yi|xi,ϕ)Pr(ϕ)

]
. (9.4)

ϕ̂ = argmin
ϕ

 I∑
i=1

ℓi[xi,yi] + λ
∑
j

ϕ2j

 , (9.5)

dϕ

dt
= −∂L

∂ϕ
. (9.6)

ϕt+1 = ϕt − α
∂L[ϕt]

∂ϕ
, (9.7)
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L̃GD[ϕ] = L[ϕ] +
α

4

∥∥∥∥∂L∂ϕ
∥∥∥∥2 . (9.8)

L̃SGD[ϕ] = L̃GD[ϕ] +
α

4B

B∑
b=1

∥∥∥∥∂Lb

∂ϕ
− ∂L

∂ϕ

∥∥∥∥2

= L[ϕ] +
α

4

∥∥∥∥∂L∂ϕ
∥∥∥∥2 + α

4B

B∑
b=1

∥∥∥∥∂Lb

∂ϕ
− ∂L

∂ϕ

∥∥∥∥2 . (9.9)

L =
1

I

I∑
i=1

ℓi[xi, yi] and Lb =
1

|B|
∑
i∈Bb

ℓi[xi, yi]. (9.10)

Pr(ϕ|{xi,yi}) =
∏I

i=1 Pr(yi|xi,ϕ)Pr(ϕ)∫ ∏I
i=1 Pr(yi|xi,ϕ)Pr(ϕ)dϕ

, (9.11)

Pr(y|x, {xi,yi}) =
∫
Pr(y|x,ϕ)Pr(ϕ|{xi,yi})dϕ. (9.12)

ϕ←− (1− λ′)ϕ− α∂L
∂ϕ

, (9.13)

ϕ1 = ϕ0 + α · g[ϕ0], (9.14)

dϕ

dt
= g[ϕ]. (9.15)

dϕ

dt
≈ g[ϕ] + αg1[ϕ] + . . . , (9.16)

ϕ[α] ≈ ϕ+ α
dϕ

dt
+
α2

2

d2ϕ

dt2

∣∣∣∣
ϕ=ϕ0

≈ ϕ+ α (g[ϕ] + αg1[ϕ]) +
α2

2

(
∂g[ϕ]

∂ϕ

dϕ

dt
+ α

∂g1[ϕ]

∂ϕ

dϕ

dt

)∣∣∣∣
ϕ=ϕ0

= ϕ+ α (g[ϕ] + αg1[ϕ]) +
α2

2

(
∂g[ϕ]

∂ϕ
g[ϕ] + α

∂g1[ϕ]

∂ϕ
g[ϕ]

)∣∣∣∣
ϕ=ϕ0

≈ ϕ+ αg[ϕ] + α2

(
g1[ϕ] +

1

2

∂g[ϕ]

∂ϕ
g[ϕ]

)∣∣∣∣
ϕ=ϕ0

, (9.17)
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g1[ϕ] = −
1

2

∂g[ϕ]

∂ϕ
g[ϕ]. (9.18)

dϕ

dt
≈ g[ϕ] + αg1[ϕ]

= −∂L
∂ϕ
− α

2

(
∂2L

∂ϕ2

)
∂L

∂ϕ
. (9.19)

LGD[ϕ] = L[ϕ] +
α

4

∥∥∥∥∂L∂ϕ
∥∥∥∥2 , (9.20)

Pr(ϕ) =

J∏
j=1

Normϕj
[0, σ2

ϕ], (9.21)

ϕ←− (1− λ)ϕ− α∂L
∂ϕ

, (9.22)

L̃[ϕ] = L[ϕ] +
λ

2α

∑
k

ϕ2k, (9.23)



Chapter 10

Convolutional networks

f
[
t[x]

]
= f[x]. (10.1)

f
[
t[x]

]
= t
[
f[x]
]
. (10.2)

zi = ω1xi−1 + ω2xi + ω3xi+1, (10.3)

hi = a [β + ω1xi−1 + ω2xi + ω3xi+1]

= a

β +

3∑
j=1

ωjxi+j−2

 , (10.4)

hi = a

βi + D∑
j=1

ωijxj

 . (10.5)

hij = a

[
β +

3∑
m=1

3∑
n=1

ωmnxi+m−2,j+n−2

]
, (10.6)
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Chapter 11

Residual networks

h1 = f1[x,ϕ1]

h2 = f2[h1,ϕ2]

h3 = f3[h2,ϕ3]

y = f4[h3,ϕ4], (11.1)

y = f4

[
f3

[
f2
[
f1[x,ϕ1],ϕ2

]
,ϕ3

]
,ϕ4

]
. (11.2)

∂y

∂f1
=
∂f2
∂f1

∂f3
∂f2

∂f4
∂f3

. (11.3)

h1 = x+ f1[x,ϕ1]

h2 = h1 + f2[h1,ϕ2]

h3 = h2 + f3[h2,ϕ3]

y = h3 + f4[h3,ϕ4], (11.4)

y = x + f1[x] (11.5)

+ f2
[
x+ f1[x]

]
+ f3

[
x+ f1[x] + f2

[
x+ f1[x]

]]
+ f4

[
x+ f1[x] + f2

[
x+ f1[x]

]
+ f3

[
x+ f1[x] + f2

[
x+ f1[x]

]]]
,

∂y

∂f1
= I+

∂f2
∂f1

+

(
∂f3
∂f1

+
∂f2
∂f1

∂f3
∂f2

)
+

(
∂f4
∂f1

+
∂f2
∂f1

∂f4
∂f2

+
∂f3
∂f1

∂f4
∂f3

+
∂f2
∂f1

∂f3
∂f2

∂f4
∂f3

)
, (11.6)
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mh =
1

|B|
∑
i∈B

hi

sh =

√
1

|B|
∑
i∈B

(hi −mh)2, (11.7)

hi ←
hi −mh

sh + ϵ
∀i ∈ B, (11.8)

hi ← γhi + δ ∀i ∈ B. (11.9)

f1 = E[zi]
f2i = zi − f1
f3i = f22i

f4 = E[f3i]

f5 =
√
f4 + ϵ

f6 = 1/f5

f7i = f2i × f6
z′i = f7i × γ + δ,

(11.10)



Chapter 12

Transformers

f[x] = ReLU[β +Ωx], (12.1)

vm = βv +Ωvxm, (12.2)

san[x1, . . . ,xN ] =

N∑
m=1

a[xm,xn]vm. (12.3)

qn = βq +Ωqxn

km = βk +Ωkxm, (12.4)

a[xm,xn] = softmaxm
[
kT
• qn

]
=

exp
[
kT
mqn

]∑N
m′=1 exp

[
kT
m′qn

] , (12.5)

V[X] = βv1
T +ΩvX

Q[X] = βq1
T +ΩqX

K[X] = βk1
T +ΩkX, (12.6)

Sa[X] = V[X] · Softmax
[
K[X]TQ[X]

]
, (12.7)
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Sa[X] = V · Softmax
[
KTQ

]
. (12.8)

Sa[X] = V · Softmax

[
KTQ√
Dq

]
. (12.9)

Vh = βvh1
T +ΩvhX

Qh = βqh1
T +ΩqhX

Kh = βkh1
T +ΩkhX. (12.10)

Sah[X] = Vh · Softmax

[
KT

hQh√
Dq

]
, (12.11)

MhSa[X] = Ωc

[
Sa1[X]T ,Sa2[X]T , . . . ,SaH [X]T

]T
. (12.12)

X ← X+MhSa[X]

X ← LayerNorm[X]

xn ← xn +mlp[xn] ∀ n ∈ {1, . . . , N}
X ← LayerNorm[X], (12.13)

Pr(It takes great courage to let yourself appear weak) =

Pr(It)× Pr(takes|It)× Pr(great|It takes)× Pr(courage|It takes great)×
Pr(to|It takes great courage)× Pr(let|It takes great courage to)×
Pr(yourself|It takes great courage to let)×
Pr(appear|It takes great courage to let yourself)×
Pr(weak|It takes great courage to let yourself appear). (12.14)

Pr(t1, t2, . . . , tN ) = Pr(t1)

N∏
n=2

Pr(tn|t1, . . . , tn−1). (12.15)

Sa[X] = V · Softmax

[
KTQ√
Dq

]
, (12.16)
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V = βv1
T +ΩvX

Q = βq1
T +Ωq(X+Π)

K = βk1
T +Ωk(X+Π). (12.17)

Sa[XP] = Sa[X]P. (12.18)

yi = softmaxi[z] =
exp[zi]∑5
j=1 exp[zj ]

, (12.19)

a[xm,xn] = softmaxm
[
kT
• qn

]
=

exp
[
kT
mqn

]∑N
m′=1 exp

[
kT
m′qn

] . (12.20)



Chapter 13

Graph neural networks

X′ = XP

A′ = PTAP, (13.1)

Pr(y = 1|X,A) = sig [βK + ωKHK1/N ] , (13.2)

Pr(y(n) = 1|X,A) = sig
[
βK + ωKh

(n)
K

]
. (13.3)

Pr(y(mn) = 1|X,A) = sig
[
h(m)Th(n)

]
. (13.4)

H1 = F[X,A,ϕ0]

H2 = F[H1,A,ϕ1]

H3 = F[H2,A,ϕ2]

... =
...

HK = F[HK−1,A,ϕK−1], (13.5)

Hk+1P = F[HkP,P
TAP,ϕk]. (13.6)

y = sig [βK + ωKHK1/N ] = sig [βK + ωKHKP1/N ] , (13.7)

35



36 CHAPTER 13. GRAPH NEURAL NETWORKS

agg[n, k] =
∑

m∈ne[n]
h
(m)
k , (13.8)

h
(n)
k+1 = a

[
βk +Ωk · h(n)

k +Ωk · agg[n, k]
]
. (13.9)

Hk+1 = a
[
βk1

T +ΩkHk +ΩkHkA
]

= a
[
βk1

T +ΩkHk(A+ I)
]
, (13.10)

H1 = a
[
β01

T +Ω0X(A+ I)
]

H2 = a
[
β11

T +Ω1H1(A+ I)
]

... =
...

HK = a
[
βK−11

T +ΩK−1Hk−1(A+ I)
]

f[X,A,Φ] = sig [βK + ωKHK1/N ] , (13.11)

f[X,A,Φ] = sig
[
βK1T + ωKHK

]
, (13.12)

Hk+1 = a
[
βk1

T +ΩkHk(A+ I)
]
. (13.13)

Hk+1 = a
[
βk1

T +ΩkHk(A+ (1 + ϵk)I)
]
. (13.14)

Hk+1 = a
[
βk1

T +ΩkHkA+ΨkHk

]
= a

[
βk1

T +
[
Ωk Ψk

] [HkA
Hk

]]
= a

[
βk1

T +Ω′
k

[
HkA
Hk

]]
, (13.15)

Hk+1 =

[
a
[
βk1

T +ΩkHkA
]

Hk

]
. (13.16)
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agg[n] =
1

|ne[n]|
∑

m∈ne[n]
hm, (13.17)

Hk+1 = a
[
βk1

T +ΩkHk(AD−1 + I)
]
. (13.18)

agg[n] =
∑

m∈ne[n]

hm√
|ne[n]||ne[m]|

, (13.19)

Hk+1 = a
[
βk1

T +ΩkHk(D
−1/2AD−1/2 + I)

]
. (13.20)

agg[n] = max
m∈ne[n]

[
hm

]
, (13.21)

H′
k = βk1

T +ΩkHk. (13.22)

smn = a

[
ϕT

k

[
h′
m

h′
n

]]
. (13.23)

Hk+1 = a
[
H′

k · Softmask[S,A+ I]
]
, (13.24)

hn ← f
[
xn,xm∈ne[n], ee∈nee[n],hm∈ne[n],ϕ

]
, (13.25)

h
(n)
k+1 = mlp

(1 + ϵk)h
(n)
k +

∑
m∈ne[n]

h
(m)
k

 . (13.26)

A1 =



0 1 1 0 0 0 0
1 0 0 1 1 1 0
1 0 0 0 0 1 1
0 1 0 0 0 1 1
0 1 0 0 0 0 1
0 1 1 1 0 0 0
0 0 1 1 1 0 0


and A2 =



0 0 1 1 0 0 1
0 0 1 1 1 0 0
1 1 0 0 0 0 0
1 1 0 0 1 1 1
0 1 0 1 0 0 1
0 0 0 1 0 0 1
1 0 0 1 1 1 0


.
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sig [βK + ωKHK1] = sig [βK + ωKHKP1] , (13.27)

Hk+1 = GraphLayer[Hk,A]

= a

[
βk1

T +Ωk

[
Hk

HkA

]]
, (13.28)

GraphLayer[Hk,A]P = GraphLayer[HkP,P
TAP], (13.29)

agg[n] =
1

1 + |ne[n]|

hn +
∑

m∈ne[n]
hm

 . (13.30)



Chapter 14

Unsupervised learning

L[ϕ] = −
I∑

i=1

log
[
Pr(xi|ϕ)

]
. (14.1)

IS = exp

[
1

I

I∑
i=1

DKL

[
Pr(y|x∗

i )||Pr(y)
]]
, (14.2)

Pr(y) =
1

I

I∑
i=1

Pr(y|x∗
i ). (14.3)
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Chapter 15

Generative adversarial networks

x∗j = g[zj , θ] = zj + θ, (15.1)

ϕ̂ = argmin
ϕ

[∑
i

−(1− yi) log
[
1− sig[f[xi,ϕ]]

]
− yi log

[
sig[f[xi,ϕ]]

]]
, (15.2)

ϕ̂ = argmin
ϕ

∑
j

− log
[
1− sig[f[x∗

j ,ϕ]]
]
−
∑
i

log
[
sig[f[xi,ϕ]]

] , (15.3)

θ̂ = argmax
θ

min
ϕ

∑
j

− log
[
1−sig[f[g[zj ,θ],ϕ]]

]
−
∑
i

log
[
sig[f[xi,ϕ]]

]. (15.4)

L[ϕ] =
∑
j

− log
[
1− sig[f[g[zj ,θ],ϕ]]

]
−
∑
i

log
[
sig[f[xi,ϕ]]

]
L[θ] =

∑
j

log
[
1− sig[f[g[zj ,θ],ϕ]]

]
, (15.5)

L[ϕ] = − 1

J

J∑
j=1

(
log
[
1− sig[f[x∗

j ,ϕ]]
])
− 1

I

I∑
i=1

(
log
[
sig[f[xi,ϕ]]

])
(15.6)

≈ −Ex∗

[
log
[
1− sig[f[x∗,ϕ]]

]]
− Ex

[
log
[
sig[f[x,ϕ]]

]]
= −

∫
Pr(x∗) log

[
1− sig[f[x∗,ϕ]]

]
dx∗ −

∫
Pr(x) log

[
sig[f[x,ϕ]]

]
dx,
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Pr(real|x̃) = sig
[
f[x̃,ϕ]

]
=

Pr(x̃|real)
Pr(x̃|generated) + Pr(x̃|real)

=
Pr(x)

Pr(x∗) + Pr(x)
, (15.7)

L[ϕ] = −
∫
Pr(x∗) log

[
1− sig[f[x∗,ϕ]]

]
dx∗ −

∫
Pr(x) log

[
sig[f[x,ϕ]]

]
dx (15.8)

= −
∫
Pr(x∗) log

[
1− Pr(x)

Pr(x∗) + Pr(x)

]
dx∗ −

∫
Pr(x) log

[
Pr(x)

Pr(x∗) + Pr(x)

]
dx

= −
∫
Pr(x∗) log

[
Pr(x∗)

Pr(x∗) + Pr(x)

]
dx∗ −

∫
Pr(x) log

[
Pr(x)

Pr(x∗) + Pr(x)

]
dx.

DJS

[
Pr(x∗) || Pr(x)

]
(15.9)

=
1

2
DKL

[
Pr(x∗)

∣∣∣∣∣∣∣∣Pr(x∗) + Pr(x)

2

]
+

1

2
DKL

[
Pr(x)

∣∣∣∣∣∣∣∣Pr(x∗) + Pr(x)

2

]
=

1

2

∫
Pr(x∗) log

[
2Pr(x∗)

Pr(x∗) + Pr(x)

]
dx∗︸ ︷︷ ︸

quality

+
1

2

∫
Pr(x) log

[
2Pr(x)

Pr(x∗) + Pr(x)

]
dx︸ ︷︷ ︸

coverage

.

Dw

[
Pr(x)||q(x)

]
= min

P

∑
i,j

Pij · |i− j|

 , (15.10)

∑
j Pij = Pr(x = i) initial distribution of Pr(x)∑
i Pij = q(x = j) initial distribution of q(x)
Pij ≥ 0 non-negative masses.

(15.11)

Dw

[
Pr(x)||q(x)

]
= max

f

∑
i

Pr(x = i)fi −
∑
j

q(x = j)fj

 , (15.12)

|fi+1 − fi| < 1. (15.13)

Dw

[
Pr(x), q(x)

]
= min

π[•,•]

[∫ ∫
π(x1,x2) · ||x1 − x2||dx1dx2

]
, (15.14)

Dw

[
Pr(x), q(x)

]
= max

f[x]

[∫
Pr(x)f[x]dx−

∫
q(x)f[x]dx

]
, (15.15)



42 CHAPTER 15. GENERATIVE ADVERSARIAL NETWORKS

L[ϕ] =
∑
j

f[x∗
j ,ϕ]−

∑
i

f[xi,ϕ]

=
∑
j

f[g[zj ,θ],ϕ]−
∑
i

f[xi,ϕ], (15.16)

∣∣∣∣∂f[x,ϕ]∂x

∣∣∣∣ < 1. (15.17)

b =
[
Pr(x=1), P r(x=2), P r(x=3), P r(x=4), q(x=1), q(x=2), q(x=3), q(x=4)

]T
.(15.18)

Pr(z) =


0 z < 0

1 0 ≤ z ≤ 1

0 z > 1

, and Pr(z) =


0 z < a

1 a ≤ z ≤ a+ 1

0 z > a

. (15.19)

Dkl = log

[
σ2
σ1

]
+
σ2
1 + (µ1 − µ2)

2

2σ2
2

− 1

2
, (15.20)

Dw = (µ1 − µ2)
2 + σ1 + σ2 − 2

√
σ1σ2, (15.21)



Chapter 16

Normalizing flows

Pr(x|ϕ) =

∣∣∣∣∂f[z,ϕ]∂z

∣∣∣∣−1

· Pr(z), (16.1)

ϕ̂ = argmax
ϕ

[
I∏

i=1

Pr(xi|ϕ)

]

= argmin
ϕ

[
I∑

i=1

− log
[
Pr(xi|ϕ)

]]

= argmin
ϕ

[
I∑

i=1

log

[∣∣∣∣∂f[zi,ϕ]∂zi

∣∣∣∣
]
− log

[
Pr(zi)

]]
, (16.2)

Pr(x|ϕ) =
∣∣∣∣∂f[z,ϕ]∂z

∣∣∣∣−1

· Pr(z), (16.3)

x = f[z,ϕ] = fK

[
fK−1

[
. . . f2

[
f1[z,ϕ1],ϕ2

]
, . . .ϕK−1

]
,ϕK

]
. (16.4)

z = f−1[x,ϕ] = f−1
1

[
f−1
2

[
. . . f−1

K−1

[
f−1
K [x,ϕK ],ϕK−1

]
, . . .ϕ2

]
,ϕ1

]
. (16.5)

∂f[z,ϕ]

∂z
=
∂fK [fK−1,ϕK ]

∂fK−1
·
∂fK−1[fK−2,ϕK−1]

∂fK−2
. . .

∂f2[f1,ϕ2]

∂f1
· ∂f1[z,ϕ1]

∂z
, (16.6)

∣∣∣∣∂f[z,ϕ]∂z

∣∣∣∣ = ∣∣∣∣∂fK [fK−1,ϕK ]

∂fK−1

∣∣∣∣ · ∣∣∣∣∂fK−1[fK−2,ϕK−1]

∂fK−2

∣∣∣∣ . . . ∣∣∣∣∂f2[f1,ϕ2]

∂f1

∣∣∣∣ · ∣∣∣∣∂f1[z,ϕ1]

∂z

∣∣∣∣ .(16.7)
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ϕ̂ = argmax
ϕ

[
I∏

i=1

Pr(zi) ·
∣∣∣∣∂f[zi,ϕ]∂zi

∣∣∣∣−1
]

= argmin
ϕ

[
I∑

i=1

log

[∣∣∣∣∂f[zi,ϕ]∂zi

∣∣∣∣
]
− log

[
Pr(zi)

]]
, (16.8)

Ω = PL(U+D), (16.9)

f[h] =
[
f[h1,ϕ], f[h2,ϕ], . . . f[hD,ϕ]

]T
. (16.10)

∣∣∣∣∂f[h]∂h

∣∣∣∣ = D∏
d=1

∣∣∣∣∂f[hd]∂hd

∣∣∣∣ . (16.11)

f[h,ϕ] =

(
b−1∑
k=1

ϕk

)
+ (hK − b+ 1)ϕb, (16.12)

h′
1 = h1

h′
2 = g

[
h2,ϕ[h1]

]
. (16.13)

h1 = h′
1

h2 = g−1
[
h′
2,ϕ[h1]

]
. (16.14)

h′d = g
[
hd,ϕ[h1:d−1]

]
. (16.15)

h′1 = g
[
h1,ϕ

]
h′2 = g

[
h2,ϕ[h1]

]
h′3 = g

[
h3,ϕ[h1:2]

]
h′4 = g

[
h4,ϕ[h1:3]

]
. (16.16)
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h1 = g−1
[
h′1,ϕ

]
h2 = g−1

[
h′2,ϕ[h1]

]
h3 = g−1

[
h′3,ϕ[h1:2]

]
h4 = g−1

[
h′4,ϕ[h1:3]

]
. (16.17)

h′
1 = h1 + f1[h2,ϕ1]

h′
2 = h2 + f2[h

′
1,ϕ2], (16.18)

h2 = h′
2 − f2[h

′
1,ϕ2]

h1 = h′
1 − f1[h2,ϕ1]. (16.19)

dist
[
f[z′], f[z]

]
< β · dist

[
z′, z

]
∀ z, z′, (16.20)

y = z + f[z] (16.21)

log

[∣∣∣∣I+ ∂f[h,ϕ]

∂h

∣∣∣∣
]

= trace

[
log

[
I+

∂f[h,ϕ]

∂h

]]

=

∞∑
k=1

(−1)k−1

k
trace

[
∂f[h,ϕ]

∂h

]k
, (16.22)

trace[A] = trace
[
AE

[
ϵϵT

]]
= trace

[
E
[
AϵϵT

]]
= E

[
trace

[
AϵϵT

]]
= E

[
trace

[
ϵTAϵ

]]
= E

[
ϵTAϵ

]
, (16.23)

trace[A] = E
[
ϵTAϵ

]
≈ 1

I

I∑
i=1

ϵTi Aϵi. (16.24)
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ϕ̂ = argmin
ϕ

[
KL

[
1

I

I∑
i=1

δ
[
x− f[zi,ϕ]

]∣∣∣∣∣∣∣∣q(x)
]]

. (16.25)

ϕ̂ = argmin
ϕ

[
KL

[
1

I

I∑
i=1

δ[x− xi]

∣∣∣∣∣∣∣∣Pr(xi,ϕ)

]]
. (16.26)

Pr(z) =
1√
2π

exp

[
−z2

2

]
, (16.27)

x = f[z] =
1

1 + exp[−z]
. (16.28)

Ω1 =


2 0 0 0
0 −5 0 0
0 0 1 0
0 0 0 2

 Ω2 =


1 0 0 0
2 4 0 0
1 −1 2 0
4 −2 −2 1

 . (16.29)

Pr(x) = Pr(z) ·
∣∣∣∣∂f[z]∂z

∣∣∣∣−1

. (16.30)

LReLU[z] =

{
0.1z z < 0

z z ≥ 0
. (16.31)

f[z] =
[
LReLU[z1],LReLU[z2], . . . ,LReLU[zD]

]T
. (16.32)

h′ = f[h,ϕ] =
√
[Kh− b+ 1]ϕb +

b−1∑
k=1

√
ϕk, (16.33)



Chapter 17

Variational autoencoders

Pr(x) =

∫
Pr(x, z)dz. (17.1)

Pr(x) =

∫
Pr(x|z)Pr(z)dz. (17.2)

Pr(z = n) = λn

Pr(x|z = n) = Normx

[
µn, σ

2
n

]
. (17.3)

Pr(x) =

N∑
n=1

Pr(x, z = n)

=

N∑
n=1

Pr(x|z = n) · Pr(z = n)

=

N∑
n=1

λn ·Normx

[
µn, σ

2
n

]
. (17.4)

Pr(z) = Normz[0, I]. (17.5)

Pr(x|z,ϕ) = Normx

[
f [z,ϕ], σ2I

]
. (17.6)
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Pr(x|ϕ) =

∫
Pr(x, z|ϕ)dz

=

∫
Pr(x|z,ϕ) · Pr(z)dz

=

∫
Normx

[
f [z,ϕ], σ2I

]
·Normz [0, I] dz. (17.7)

ϕ̂ = argmax
ϕ

[
I∑

i=1

log
[
Pr(xi|ϕ)

]]
, (17.8)

Pr(xi|ϕ) =

∫
Normxi

[f [z,ϕ], σ2I] ·Normz[0, I]dz. (17.9)

g[E[y]] ≥ E
[
g[y]

]
. (17.10)

log
[
E[y]

]
≥ E

[
log[y]

]
, (17.11)

log

[∫
Pr(y)ydy

]
≥
∫
Pr(y) log[y]dy. (17.12)

log

[∫
Pr(y)h[y]dy

]
≥
∫
Pr(y) log[h[y]]dy. (17.13)

log[Pr(x|ϕ)] = log

[∫
Pr(x, z|ϕ)dz

]
= log

[∫
q(z)

Pr(x, z|ϕ)
q(z)

dz

]
, (17.14)

log

[∫
q(z)

Pr(x, z|ϕ)
q(z)

dz

]
≥

∫
q(z) log

[
Pr(x, z|ϕ)

q(z)

]
dz, (17.15)

ELBO[θ,ϕ] =

∫
q(z|θ) log

[
Pr(x, z|ϕ)
q(z|θ)

]
dz. (17.16)
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ELBO[θ,ϕ] =

∫
q(z|θ) log

[
Pr(x, z|ϕ)
q(z|θ)

]
dz

=

∫
q(z|θ) log

[
Pr(z|x,ϕ)Pr(x|ϕ)

q(z|θ)

]
dz

=

∫
q(z|θ) log

[
Pr(x|ϕ)

]
dz+

∫
q(z|θ) log

[
Pr(z|x,ϕ)
q(z|θ)

]
dz

= log
[
Pr(x|ϕ)

]
+

∫
q(z|θ) log

[
Pr(z|x,ϕ)
q(z|θ)

]
dz

= log
[
Pr(x|ϕ)

]
−DKL

[
q(z|θ)

∣∣∣∣∣∣Pr(z|x,ϕ)]. (17.17)

ELBO[θ,ϕ] =

∫
q(z|θ) log

[
Pr(x, z|ϕ)
q(z|θ)

]
dz

=

∫
q(z|θ) log

[
Pr(x|z,ϕ)Pr(z)

q(z|θ)

]
dz

=

∫
q(z|θ) log [Pr(x|z,ϕ)] dz+

∫
q(z|θ) log

[
Pr(z)

q(z|θ)

]
dz

=

∫
q(z|θ) log

[
Pr(x|z,ϕ)

]
dz−DKL

[
q(z|θ)

∣∣∣∣∣∣Pr(z)], (17.18)

Pr(z|x,ϕ) = Pr(x|z,ϕ)Pr(z)
Pr(x|ϕ)

, (17.19)

q(z|x,θ) = Normz

[
gµ[x,θ],gΣ[x,θ]

]
, (17.20)

ELBO[θ,ϕ] =

∫
q(z|x,θ) log

[
Pr(x|z,ϕ)

]
dz−DKL

[
q(z|x,θ)

∣∣∣∣∣∣Pr(z)], (17.21)

Ez

[
a[z]
]
=

∫
a[z]q(z|x,θ)dz ≈ 1

N

N∑
n=1

a[z∗n], (17.22)

ELBO[θ,ϕ] ≈ log
[
Pr(x|z∗,ϕ)

]
−DKL

[
q(z|x,θ)

∣∣∣∣∣∣Pr(z)]. (17.23)

DKL

[
q(z|x,θ)

∣∣∣∣∣∣Pr(z)] = 1

2

(
Tr[Σ] + µTµ−Dz − log

[
det[Σ]

])
. (17.24)
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z∗ = µ+Σ1/2ϵ∗, (17.25)

Pr(x) =

∫
Pr(x|z)Pr(z)dz

= Ez

[
Pr(x|z)

]
= Ez

[
Normx[f [z,ϕ], σ

2I]
]
. (17.26)

Pr(x) ≈ 1

N

N∑
n=1

Pr(x|zn). (17.27)

Pr(x) =

∫
Pr(x|z)Pr(z)dz

=

∫
Pr(x|z)Pr(z)

q(z)
q(z)dz

= Eq(z)

[
Pr(x|z)Pr(z)

q(z)

]
≈ 1

N

N∑
n=1

Pr(x|zn)Pr(zn)
q(zn)

, (17.28)

Lnew = −ELBO[θ,ϕ] + λ1EPr(x)

[
r1
[
q(z|x,θ)

]]
+ λ2r2

[
q(z|θ)

]
. (17.29)

ELBO[θ,ϕ] ≈ log
[
Pr(x|z∗,ϕ)

]
− β ·DKL

[
q(z|x,θ)

∣∣∣∣∣∣Pr(z)], (17.30)

g
[
E[y]

]
≤ E

[
g[y]

]
. (17.31)

DKL

[
q(z|x)

∣∣∣∣∣∣Pr(z|x,ϕ)] = ∫ q(z|x) log
[

q(z|x)
Pr(z|x,ϕ)

]
dz. (17.32)

∂

∂ϕ
EPr(x|ϕ)

[
f[x]
]
, (17.33)

∂

∂ϕ
EPr(x|ϕ)

[
f[x]
]

= EPr(x|ϕ)

[
f[x]

∂

∂ϕ
log
[
Pr(x|ϕ)

]]
≈ 1

I

I∑
i=1

f[xi]
∂

∂ϕ
log
[
Pr(xi|ϕ)

]
. (17.34)



Chapter 18

Diffusion models

z1 =
√
1− β1 · x+

√
β1 · ϵ1 (18.1)

zt =
√
1− βt · zt−1 +

√
βt · ϵt ∀ t ∈ 2, . . . , T,

q(z1|x) = Normz1

[√
1− β1x, β1I

]
(18.2)

q(zt|zt−1) = Normzt

[√
1− βtzt−1, βtI

]
∀ t ∈ {2, . . . , T}.

q(z1...T |x) = q(z1|x)
T∏

t=2

q(zt|zt−1). (18.3)

z1 =
√

1− β1 · x+
√
β1 · ϵ1

z2 =
√
1− β2 · z1 +

√
β2 · ϵ2. (18.4)

z2 =
√
1− β2

(√
1− β1 · x+

√
β1 · ϵ1

)
+
√
β2 · ϵ2 (18.5)

=
√
1− β2

(√
1− β1 · x+

√
1− (1− β1) · ϵ1

)
+
√
β2 · ϵ2

=
√
(1− β2)(1− β1) · x+

√
1− β2 − (1− β2)(1− β1) · ϵ1 +

√
β2 · ϵ2.

z2 =
√
(1− β2)(1− β1) · x+

√
1− (1− β2)(1− β1) · ϵ, (18.6)

zt =
√
αt · x+

√
1− αt · ϵ, (18.7)
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q(zt|x) = Normzt

[√
αt · x, (1− αt)I

]
. (18.8)

q(zt) =

∫ ∫
q(z1...t,x)dz1...t−1dx

=

∫ ∫
q(z1...t|x)Pr(x)dz1...t−1dx, (18.9)

q(zt) =

∫
q(zt|x)Pr(x)dx. (18.10)

q(zt−1|zt) =
q(zt|zt−1)q(zt−1)

q(zt)
. (18.11)

q(zt−1|zt,x) =
q(zt|zt−1,x)q(zt−1|x)

q(zt|x)
(18.12)

∝ q(zt|zt−1)q(zt−1|x)

= Normzt

[√
1− βt · zt−1, βtI

]
Normzt−1

[√
αt−1 · x, (1− αt−1)I

]
∝ Normzt−1

[
1√

1− βt
zt,

βt
1− βt

I

]
Normzt−1

[√
αt−1 · x, (1− αt−1)I

]

Normv [Aw,B] ∝ Normw

[(
ATB−1A

)−1
ATB−1v,

(
ATB−1A

)−1
]
, (18.13)

Normw[a,A] ·Normw[b,B] ∝ (18.14)

Normw

[(
A−1 +B−1

)−1
(A−1a+B−1b),

(
A−1 +B−1

)−1
]
,

q(zt−1|zt,x) = Normzt−1

[
(1− αt−1)

1− αt

√
1− βtzt +

√
αt−1βt

1− αt
x,
βt(1− αt−1)

1− αt
I

]
.(18.15)

Pr(zT ) = NormzT
[0, I]

Pr(zt−1|zt,ϕt) = Normzt−1

[
ft[zt,ϕt], σ

2
t I
]

Pr(x|z1,ϕ1) = Normx

[
f1[z1,ϕ1], σ

2
1I
]
, (18.16)
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Pr(x, z1...T |ϕ1...T ) = Pr(x|z1,ϕ1)

T∏
t=2

Pr(zt−1|zt,ϕt) · Pr(zT ). (18.17)

Pr(x|ϕ1...T ) =

∫
Pr(x, z1...T |ϕ1...T )dz1...T . (18.18)

ϕ̂1...T = argmax
ϕ1...T

[
I∑

i=1

log
[
Pr(xi|ϕ1...T )

]]
. (18.19)

log [Pr(x|ϕ1...T )] = log

[∫
Pr(x, z1...T |ϕ1...T )dz1...T

]
= log

[∫
q(z1...T |x)

Pr(x, z1...T |ϕ1...T )

q(z1...T |x)
dz1...T

]
≥

∫
q(z1...T |x) log

[
Pr(x, z1...T |ϕ1...T )

q(z1...T |x)

]
dz1...T . (18.20)

ELBO
[
ϕ1...T

]
=

∫
q(z1...T |x) log

[
Pr(x, z1...T |ϕ1...T )

q(z1...T |x)

]
dz1...T . (18.21)

log

[
Pr(x, z1...T |ϕ1...T )

q(z1...T |x)

]
= log

[
Pr(x|z1,ϕ1)

∏T
t=2 Pr(zt−1|zt,ϕt) · Pr(zT )

q(z1|x)
∏T

t=2 q(zt|zt−1)

]
(18.22)

= log

[
Pr(x|z1,ϕ1)

q(z1|x)

]
+log

[∏T
t=2 Pr(zt−1|zt,ϕt)∏T

t=2 q(zt|zt−1)

]
+log

[
Pr(zT )

]
.

q(zt|zt−1) = q(zt|zt−1,x) =
q(zt−1|zt,x)q(zt|x)

q(zt−1|x)
, (18.23)

log

[
Pr(x, z1...T |ϕ1...T )

q(z1...T |x)

]
= log

[
Pr(x|z1,ϕ1)

q(z1|x)

]
+ log

[∏T
t=2 Pr(zt−1|zt,ϕt) · q(zt−1|x)∏T

t=2 q(zt−1|zt,x) · q(zt|x)

]
+ log

[
Pr(zT )

]
= log [Pr(x|z1,ϕ1)] + log

[∏T
t=2 Pr(zt−1|zt,ϕt)∏T
t=2 q(zt−1|zt,x)

]
+ log

[
Pr(zT )

q(zT |x)

]

≈ log [Pr(x|z1,ϕ1)] +

T∑
t=2

log

[
Pr(zt−1|zt,ϕt)

q(zt−1|zt,x)

]
, (18.24)
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ELBO
[
ϕ1...T

]
(18.25)

=

∫
q(z1...T |x) log

[
Pr(x, z1...T |ϕ1...T )

q(z1...T |x)

]
dz1...T

≈
∫
q(z1...T |x)

(
log [Pr(x|z1,ϕ1)] +

T∑
t=2

log

[
Pr(zt−1|zt,ϕt)

q(zt−1|zt,x)

])
dz1...T

= Eq(z1|x)

[
log [Pr(x|z1,ϕ1)]

]
−

T∑
t=2

Eq(zt|x)

[
DKL

[
q(zt−1|zt,x)

∣∣∣∣Pr(zt−1|zt,ϕt)
]]
,

P r(x|z1,ϕ1) = Normx

[
f1[z1,ϕ1], σ

2
1I
]
, (18.26)

Pr(zt−1|zt,ϕt) = Normzt−1

[
ft[zt,ϕt], σ

2
t I
]

(18.27)

q(zt−1|zt,x) = Normzt−1

[
(1− αt−1)

1− αt

√
1− βtzt +

√
αt−1βt

1− αt
x,
βt(1− αt−1)

1− αt
I

]
.

DKL

[
q(zt−1|zt,x)

∣∣∣∣Pr(zt−1|zt,ϕt)
]

= (18.28)

1

2σ2
t

∥∥∥∥ (1− αt−1)

1− αt

√
1− βtzt +

√
αt−1βt

1− αt
x− ft[zt,ϕt]

∥∥∥∥2 + C.

L[ϕ1...T ] =

I∑
i=1

( reconstruction term︷ ︸︸ ︷
− log

[
Normxi

[
f1[zi1,ϕ1], σ

2
1I
]]

(18.29)

+

T∑
t=2

1

2σ2
t

∥∥∥∥1− αt−1

1− αt

√
1− βtzit +

√
αt−1βt

1− αt
xi︸ ︷︷ ︸

target, mean of q(zt−1|zt,x)

− ft[zit,ϕt]︸ ︷︷ ︸
predicted zt−1

∥∥∥∥2),

zt =
√
αt · x+

√
1− αt · ϵ. (18.30)

x =
1
√
αt
· zt −

√
1− αt√
αt

· ϵ. (18.31)
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(1− αt−1)

1− αt

√
1− βtzt +

√
αt−1βt

1− αt
x (18.32)

=
(1− αt−1)

1− αt

√
1− βtzt +

√
αt−1βt

1− αt

(
1
√
αt

zt −
√
1− αt√
αt

ϵ

)
=

(1− αt−1)

1− αt

√
1− βtzt +

βt
1− αt

(
1√

1− βt
zt −

√
1− αt√
1− βt

ϵ

)
,

(1− αt−1)

1− αt

√
1− βtzt +

√
αt−1βt

1− αt
x (18.33)

=

(
(1− αt−1)

√
1− βt

1− αt
+

βt

(1− αt)
√
1− βt

)
zt −

βt√
1− αt

√
1− βt

ϵ

=

(
(1− αt−1)(1− βt)
(1− αt)

√
1− βt

+
βt

(1− αt)
√
1− βt

)
zt −

βt√
1− αt

√
1− βt

ϵ

=
(1− αt−1)(1− βt) + βt

(1− αt)
√
1− βt

zt −
βt√

1− αt

√
1− βt

ϵ

=
1− αt

(1− αt)
√
1− βt

zt −
βt√

1− αt

√
1− βt

ϵ

=
1√

1− βt
zt −

βt√
1− αt

√
1− βt

ϵ,

L[ϕ1...T ] =

I∑
i=1

(
− log

[
Normxi

[
f1[zi1,ϕ1], σ

2
1I
]]

(18.34)

+

T∑
t=2

1

2σ2
t

∥∥∥∥( 1√
1− βt

zit −
βt√

1− αt

√
1− βt

ϵit

)
− ft[zit,ϕt]

∥∥∥∥2).

ft[zt,ϕt] =
1√

1− βt
zt −

βt√
1− αt

√
1− βt

gt[zt,ϕt]. (18.35)

L[ϕ1...T ] = (18.36)
I∑

i=1

− log
[
Normxi

[
f1[zi1,ϕ1], σ

2
1I
]]

+

T∑
t=2

β2
t

(1− αt)(1− βt)2σ2
t

∥∥∥gt[zit,ϕt]− ϵit
∥∥∥2.

L[ϕ1...T ] =

I∑
i=1

1

2σ2
1

∥∥∥xi − f1[zi1,ϕ1]
∥∥∥2 + T∑

t=2

β2
t

(1− αt)(1− βt)2σ2
t

∥∥∥gt[zit,ϕt]− ϵit
∥∥∥2 + Ci.(18.37)
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1

2σ2
1

∥∥∥xi − f1[zi1,ϕ1]
∥∥∥2 =

1

2σ2
1

∥∥∥∥ β1√
1− α1

√
1− β1

g1[zi1,ϕ1]−
β1√

1− α1

√
1− β1

ϵi1

∥∥∥∥2.(18.38)

L[ϕ1...T ] =

I∑
i=1

T∑
t=1

β2
t

(1− αt)(1− βt)2σ2
t

∥∥∥gt[zit,ϕt]− ϵit
∥∥∥2, (18.39)

L[ϕ1...T ] =

I∑
i=1

T∑
t=1

∥∥∥gt[zit,ϕt]− ϵit
∥∥∥2 (18.40)

=

I∑
i=1

T∑
t=1

∥∥∥∥gt

[√
αt · xi +

√
1− αt · ϵit,ϕt

]
− ϵit

∥∥∥∥2,

zt−1 = ẑt−1 + σ2
t

∂ log
[
Pr(c|zt)

]
∂zt

+ σtϵ. (18.41)

xt =
√
1− βt · xt−1 +

√
βt · ϵt, (18.42)

z = a · ϵ1 + b · ϵ2, (18.43)

E[z] = 0

Var[z] = a2 + b2, (18.44)

z3 =
√
(1− β3)(1− β2)(1− β1) · x+

√
1− (1− β3)(1− β2)(1− β1) · ϵ′,(18.45)

Normv [Aw,B] ∝ Normw

[
(ATB−1A)−1ATB−1v, (ATB−1A)−1

]
. (18.46)

Normx[a,A]Normx[b,B] ∝ Normx

[
(A−1 +B−1)−1(A−1a+B−1b), (A−1 +B−1)−1

]
.

(18.47)
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DKL

[
Normw[a,A]

∣∣∣∣Normw[b,B]
]
=

1

2

(
tr
[
B−1A

]
− d+ (a− b)TB−1(a− b) + log

[
|B|
|A|

])
.

(18.48)

√
αt

αt−1
=
√
1− βt. (18.49)

(1− αt−1)(1− βt) + βt

(1− αt)
√
1− βt

=
1√

1− βt
. (18.50)



Chapter 19

Reinforcement learning

Gt =

∞∑
k=0

γkrt+k+1. (19.1)

v[st|π] = E
[
Gt|st, π

]
. (19.2)

q[st, at|π] = E
[
Gt|st, at, π

]
. (19.3)

v∗[st] = max
π

[
E
[
Gt|st, π

]]
. (19.4)

q∗[st, at] = max
π

[
E
[
Gt|st, at, π

]]
. (19.5)

π[at|st]← argmax
at

[
q∗[st, at]

]
. (19.6)

v[st] =
∑
at

π[at|st]q[st, at]. (19.7)

q[st, at] = r[st, at] + γ ·
∑
st+1

Pr(st+1|st, at)v[st+1]. (19.8)

v[st] =
∑
at

π[at|st]

r[st, at] + γ ·
∑
st+1

Pr(st+1|st, at)v[st+1]

 . (19.9)
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q[st, at] = r[st, at] + γ ·
∑
st+1

Pr(st+1|st, at)

∑
at+1

π[at+1|st+1]q[st+1, at+1]

 . (19.10)

v[st]←
∑
at

π[at|st]

r[st, at] + γ ·
∑
st+1

Pr(st+1|st, at)v[st+1]

 , (19.11)

π[at|st]← argmax
at

[
r[st, at] + γ ·

∑
st+1

Pr(st+1|st, at)v[st+1]

]
. (19.12)

π[a|s]← argmax
a

[
q[s, a]

]
. (19.13)

q[st, at]← q[st, at] + α
(
r[st, at] + γ · q[st+1, at+1]− q[st, at]

)
, (19.14)

q[st, at]← q[st, at] + α
(
r[st, at] + γ ·max

a

[
q[st+1, a]

]
− q[st, at]

)
, (19.15)

L[ϕ] =

(
r[st, at] + γ ·max

a

[
q[st+1, a,ϕ]

]
− q[st, at,ϕ]

)2

, (19.16)

ϕ← ϕ+ α

(
r[st, at] + γ ·max

a

[
q[st+1, a,ϕ]

]
− q[st, at,ϕ]

)
∂q[st, at,ϕ]

∂ϕ
. (19.17)

ϕ← ϕ+ α

(
r[st, at] + γ ·max

a

[
q[st+1, a,ϕ

−]
]
− q[st, at,ϕ]

)
∂q[st, at,ϕ]

∂ϕ
. (19.18)

q[st, at]← q[st, at] + α
(
r[st, at] + γ ·max

a

[
q[st+1, a]

]
− q[st, at]

)
(19.19)

q1[st, at] ← q1[st, at] + α
(
r[st, at] + γ · q2

[
st+1, argmax

a

[
q1[st+1, a]

]]
− q1[st, at]

)
q2[st, at] ← q2[st, at] + α

(
r[st, at] + γ · q1

[
st+1, argmax

a

[
q2[st+1, a]

]]
− q2[st, at]

)
.

(19.20)
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ϕ1←ϕ1+α

(
r[st, at]+γ ·q

[
st+1, argmax

a

[
q[st+1, a,ϕ1]

]
,ϕ2

]
−q[st, at,ϕ1]

)
∂q[st, at,ϕ1]

∂ϕ1

ϕ2←ϕ2+α

(
r[st, at]+γ ·q

[
st+1, argmax

a

[
q[st+1, a,ϕ2]

]
,ϕ1

]
−q[st, at,ϕ2]

)
∂q[st, at,ϕ2]

∂ϕ2

.

(19.21)

Pr(τ |θ) = Pr(s1)

T∏
t=1

π[at|st,θ]Pr(st+1|st, at). (19.22)

θ = argmax
θ

[
Eτ

[
r[τ ]

]]
= argmax

θ

[∫
Pr(τ |θ)r[τ ]dτ

]
, (19.23)

θ ← θ + α · ∂
∂θ

∫
Pr(τ |θ)r[τ ]dτ

= θ + α ·
∫
∂Pr(τ |θ)

∂θ
r[τ ]dτ . (19.24)

θ ← θ + α ·
∫
∂Pr(τ |θ)

∂θ
r[τ ]dτ

= θ + α ·
∫
Pr(τ |θ) 1

Pr(τ |θ)
∂Pr(τ |θ)

∂θ
r[τ ]dτ

≈ θ + α · 1
I

I∑
i=1

1

Pr(τ i|θ)
∂Pr(τ i|θ)

∂θ
r[τ i]. (19.25)

∂ log[f[z]]

∂z
=

1

f [z]

∂f[z]

∂z
, (19.26)

θ ← θ + α · 1
I

I∑
i=1

∂ log
[
Pr(τ i|θ)

]
∂θ

r[τ i]. (19.27)

log[Pr(τ |θ)] = log
[
Pr(s1)

T∏
t=1

π[at|st,θ]Pr(st+1|st, at)
]

(19.28)

= log
[
Pr(s1)

]
+

T∑
t=1

log
[
π[at|st,θ]

]
+

T∑
t=1

log
[
Pr(st+1|st, at)

]
,
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θ ← θ + α · 1
I

I∑
i=1

T∑
t=1

∂ log
[
π[ait|sit,θ]

]
∂θ

r[τ i],

(19.29)

r[τ i] =

T∑
t=1

ri,t+1 =

t∑
k=1

ri,k+1 +

T∑
k=t

ri,k+1, (19.30)

θ ← θ + α · 1
I

I∑
i=1

T∑
t=1

∂ log
[
π[ait|sit,θ]

]
∂θ

T∑
k=t

ri,k+1. (19.31)

r[τ it] =

T∑
k=t+1

γk−t−1ri,k+1, (19.32)

θ ← θ + α · γt
∂ log

[
πait

[sit,θ]
]

∂θ
r[τ it] ∀ i, t, (19.33)

θ ← θ + α · 1
I

I∑
i=1

T∑
t=1

∂ log
[
πait

[sit,θ]
]

∂θ
(r[τ it]− b) . (19.34)

Eτ

[
T∑

t=1

∂ log
[
πait [sit,θ]

]
∂θ

· b

]
= 0, (19.35)

b =
∑
i

∑T
t=1

(
∂ log

[
πait [sit,θ]

]
/∂θ

)2
r[τ it]∑T

t=1

(
∂ log

[
πait [sit,θ]

]
/∂θ

)2 . (19.36)

b =
1

I

∑
i

r[τ i]. (19.37)

θ ← θ + α · 1
I

I∑
i=1

T∑
t=1

∂ log
[
πait

[sit,θ]
]

∂θ
(r[τ it]− b[sit]) . (19.38)
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L[ϕ] =

I∑
i=1

T∑
t=1

v[sit,ϕ]− T∑
j=t

ri,j+1

2

. (19.39)

r[τ it] ≈ ri,t+1 + γ · v[si,t+1,ϕ]. (19.40)

θ ← θ + α · 1
I

I∑
i=1

T∑
t=1

∂ log
[
Pr(ait|sit,θ)]

]
∂θ

(
ri,t+1 + γ · v[si,t+1,ϕ]− v[si,t,ϕ]

)
.(19.41)

L[ϕ] =

I∑
i=1

T∑
t=1

(ri,t+1 + γ · v[si,t+1,ϕ]− v[si,t,ϕ])2 . (19.42)

π′[at|st]← argmax
at

[
r[st, at] + γ ·

∑
st+1

Pr(st+1|st, at)v[st+1|π]
]
. (19.43)

v[st|π] ≤ q
[
st, π

′[at|st]
∣∣∣π]

= Eπ′

[
rt+1 + γ · v[st+1|π]

]
. (19.44)

π[a|s] =
exp
[
q[s, a]/τ

]∑
a′ exp

[
q[s, a′]/τ

] . (19.45)

f
[
q[s, a]

]
= r[s, a] + γ ·max

a

[
q[s′, a]

]
. (19.46)

∣∣∣∣∣∣∣∣f[q1[s, a]]− f
[
q2[s, a]

]∣∣∣∣∣∣∣∣
∞
<

∣∣∣∣∣∣∣∣q1[s, a]− q2[s, a]∣∣∣∣∣∣∣∣
∞

∀ q1, q2. (19.47)

Eτ

[
∂

∂θ
log
[
Pr(τ |θ)

]
b

]
= 0, (19.48)

a′ = a− c(b− µb). (19.49)
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Eτ

[
g[θ](r[τ t]− b)

]
, (19.50)

g[θ] =

T∑
t=1

∂ log
[
Pr(at|st,θ)]

]
∂θ

, (19.51)

r[τ t] =

T∑
k=t

rk. (19.52)

b =
E[g[τ ]2]r[τ ]
E[g[τ ]2]

. (19.53)
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